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ABSTRACT
Convective heat transfer for steady laminar flow between two 
confocal elliptic pipes with uniform heat generation and longitudinal 
uniform wall temperature gradient under various heating conditions is 
presented in analytical closed form utilizing the exact solutions of 
the Navier-Stokes and energy equations. It is shown that the product 
of the dimensionless longitudinal uniform wall temperature gradient 
and Peclet number along with the magnitude of the heat generation 
affect the problem. The values of Nusselt numbers for several values 





The flow analysis of a heat generating fluid is studied in this 
dissertation, and the analysis to be performed follows references [1], 
[2], and [3] very closely, and also is an extension of reference [2] 
with a uniform heat generation in the fluid.
The following studies have been presented dealing with a similar 
subject. Ozisik and Topakoglu^ worked on the problem of. heat transfer 
for hydrodynamically and thermally fully developed laminar flow in a 
curved pipe and solved it by the method of series expansion. The wall 
temperature around the periphery of any cross section, the mean heat 
flux along the pipe, and the internal heat generation were assumed to 
be uniform. The first few terms of the series expansion were deter­
mined, and analytical expressions for the temperature distribution in 
the fluid and for the Nusselt number were presented; the results are 
applicable for small curvatures. This paper is based on the exact 
expressions of Navier-Stokes and energy equations, and the solution 
shows that the heat transfer in a curved pipe depends on three indepen­
dent parameters: the curvature of the pipe, the Reynolds and Prandtl
numbers.
By expanding the temperature in terms of curvature, the energy 
equation has been reduced to a-set of Poisson's equations, and the 
first few terms of the expansions have been determined. The accuracy 
of the solution depends only on the number of terms calculated in the 
expansion as no other approximation has been involved in the main 
differential equations.
2
2Topakoglu and A m a s  worked on convective heat transfer for steady 
laminar flow between two confocal elliptic pipes with a longitudinal 
uniform wall temperature gradient. For the derivation of heat transfer 
coefficients on the inner and outer walls, the heat generation is 
omitted. The velocity and temperature distributions are obtained as 
the exact solutions of the Navier-Stokes and energy equations, 
respectively; they are presented in closed forms. It is shown that 
the temperature distribution and heat transfer through the walls are 
affected by one parameter which is the product of the dimensionless 
applied uniform longitudinal wall temperature gradient and the 
Peclet-(PE)-number in addition to the geometric parameters of the 
cross section of the walls. The Nusselt-(NU)-numbers for the inner 
and outer walls are obtained explicitly and are calculated for thirteen 
different values of the flatness ratio of the outer pipe and for five 
typical wall heating combinations. These results are given in tabular 
form. For four values of the ellipticity and for the special case of 
ellipticity equal to the core size, the results are also given 
graphically to illustrate the heat transfer characteristics of the 
problem. The results for the special case of circular annular pipes 
are compared with the data presented in reference [4], and agreement 
is found within the limits of the number of significant digits as given 
in this reference.
3Amas, Atam and Topakoglu worked on heat transfer for hydro- 
dynamically and thermally fully developed laminar and uniform heat 
generating fluid flow in a curved pipe as solved by a method of series 
expansion. Along with heat generation, the wall temperature around the
periphery and the mean heat flux along the pipe were assumed to be 
uniform. Viscous dissipation was negligible. Analytical expressions 
for the temperature distribution and for the Nusselt number were 
obtained for three characteristic fluids, i.e. water - PR = 1.09, 
liquid salt - PR = 0.004 and liquid metal - PR = 0.002. This paper was 
based on exact expansion of the Navier-Stokes and energy equations, 
and the results showed that the heat transfer in the curved pipe 
depended on the curvature of the pipe, the magnitude of heat generation 
and Prandtl and Reynolds numbers. The velocity field required for the
I
uncoupled solution of the convection problem is given in reference [5].
4Lundberg, Reynolds and Kays worked on heat transfer with laminar 
flow in concentric annuli with constant and variable wall temperature 
and with heat flux. Geometrically an annulus is a region bounded both 
internally and externally by cylindrical surfaces. Complete geometric 
specification of the annulus requires not only the size of one of the 
tubes but the ratio of the radii and some knowledge of the orientation 
of the axes of the two tubes. As a fundamental internal flow geometry, 
the annulus is frequently used in a situation where heat is transferred 
to or from the contained fluid. An annulus is a simple form for a 
two-fluid heat exchanger; a water or steam jacket around a pipe has 
been used for years as a method of heating or cooling the central fluid 
Also an annular coolant passage surrounding a central fuel element has 
been used as a core configuration for the nuclear reactor.
Since there are two distinct boundary surfaces, annular heat 
transfer is inherently asymmetric, i.e. heat can be transferred at 
either the inner or the outer surfaces or both. In practice some heat 
transfer usually does occur at both boundaries even though it may be
4
unwanted heat leakage through an insulating blanket or result from 
radiation from one surface to the other. Further, the temperature 
and/or the heat flux at either surface may vary both peripherally and 
axially in an arbitrary manner.
In order to formulate a systematic approach to the solution or 
problems in annular heat transfer, the considerations will be somewhat 
restricted. Consider heat transfer in a concentric annular passage 
where the flow is hydrodynamically fully established and the temperature 
field is axially symmetric. The problems which might possibly be of 
interest here can be defined by various conditions at the boundary 
surfaces. These are:
1. Temperature arbitrarily specified on both surfaces
2. Heat flux arbitrarily specified on both surfaces
3. Heat flux arbitrarily specified on one surface and
temperature arbitrarily specified on the other
4. Heat flux specified over a portion of one or both 
surfaces and temperature specified over another portion.
Topakoglu^ reported on steady laminar flows of an incompressible 
viscous fluid in curved pipes. The flow in the pipe is assumed to be 
steady and axially symmetric with respect to the axis of the curved 
pipe. The two velocity components in the plane of the cross section, 
defined with respect to a conveniently chosen coordinate system, are
expressed in terms of a stream function. Thus, the determination of the
velocity requires only the determination of the stream function and the 
normal component of the velocity vector, where the normal component is 
perpendicular to the plane of the cross section. It is assumed that each 
of these two functions can be expanded in a power series in terms of the
5
curvature of the pipe, and shown that, by the use of these expanded 
forms, each of the coefficients of these series may be obtained from 
the solutions of associated non-homogeneous harmonic and biharmonic 
equations. The details of the calculations for flow in a curved pipe 
of circular cross section are carried out, and an expression for the 
rate of flow in such a pipe is obtained. It is found that the rate of 
flow depends on two independent variables: Reynolds number and the
curvature of the pipe. The secondary flow stream-lines for a flow 
between two concentric curved pipes are also obtained.
Milne-Thomson^ discussed the theoretical hydrodynamics of various 
flow situations. The part related to temperature distribution in 
circular tubes will be used. The temperature distribution obtained will 
be checked with the one given in reference [6].
Kays^ discusses convective heat and mass transfer. This book 
includes momentum transfer: flow inside cylindrical tubes (Chapter 6)
and the detail of heat transfer for laminar flow inside smooth tubes 
(Chapter 8). These two chapters will be used in this research to 
develop the temperature distribution equation, velocity equation and 
the Nusselt number.
8Shah and London discuss the available analytical solutions for 
laminar fluid flow and forced convection heat transfer in circular and 
noncircular pipes. The subject has importance in a large variety of 
traditional engineering disciplines, such as heating and cooling 
devices used in electronics, biomechanics, aerospace, instrumentation, 
and pipelines for oil, water and other fluids, and, in particular, for 
compact heat exchanger and solar collector designs. Generally, one way 
to reduce heat exchanger costs is to use more compact surfaces, as both
6
the cost per unit area and heat transfer flux per unit temperature 
differences are simultaneously improved. The book discusses the heat 
transfer for steady laminar flow between two confocal elliptic pipes 
with longitudinal uniform wall temperature gradient.[2 ].
In addition to the above, the computer research service was used
for references from 1975 to 1981, and none was found which would be of
any help in this work.
The present analysis is based on the exact solution of the 
Navier-Stokes and energy equations, and the results show that the heat 
transfer in the elliptic pipes depends on five independent parameters: 
the magnitude of heat generation, the ellipticity of the pipe (the core
size), the Reynolds and Prandtl numbers and the wall temperature
gradient.
The noncoupled solution of the convective heat transfer problems 
requires the solution of the velocity field in advance. The velocity 
field that is used in the present analysis is the one given in 
reference [2].
The following assumptions are made in the analysis:
1. Internal heat generation rate is uniform.
2. Velocity and temperature fields are fully developed.
3. Flow is uniform.
4. Viscous dissipation is negligible.
5. Wall temperature around the periphery is uniform.
6 . Mean heat flux along the pipe is uniform.
7. In nuclear reactors, flow is always pumping. Therefore, 
the effect of free convection is negligible.
7
The Nusselt number is calculated for nuclear coolants. Nuclear 
coolants are divided into three broad classes;
1. Aqueous and Organic Liquids. In this group water has found 
the widest application, largely because it is readily available and 
economical, has fairly good heat transfer properties, and offers no 
corrosion problems which cannot be handled. Its most serious draw­
back is its high vapor pressure.
2. Liquid Metals. This group is attractive because liquid 
metals give high heat transfer rates and do not require pressurization 
to operate at high temperatures. Sodium is most attractive because of 
its high boiling point and high thermal conductivity, but it reacts 
violently with water and has poor lubricating qualities.
3. Gas Coolants. Gas coolants offset their advantage of being 
inert at elevated temperatures with poor heat transfer qualities. They 
must be operated at high pressures to be useful in power reactors.
In this dissertation liquid sodium (PR = 0.005) has been chosen 
as the sample because of its use in technological applications.
Chapter II 
VISCOUS FLOW IN ANNULAR PIPES
A. Concentric Circular Pipes
The velocity distribution for an incompressible, constant- 
property fluid in laminar flow inside a circular tube in regions away 
from the inlet where the velocity profile is considered fully developed 
can be written as:
I d  , dW. 1 dP
r d ? (r 7  3z (II-1>
with a solution of:
W(r) = (r2 + CL logr + C2> (II.2)
The boundary conditions for this equation are taken as:
@ r => to, W » 0. (II.3)
@ r = R, W =* 0 4 (II.4)
Applying the boundary conditions, the constants C^ and C2 become:
2'i
C1 " ~ ~ B1 log (*)
ID
and
C, = [(R ~ ^  logR - R2 (II.6)
log <£>
Substituting, equation (II.2) becomes:
W 1,2(1 " r2 " t--1- - \ ) ] log <±)} (II.7)‘tii q i  . rlog (-)
8
9
The dimensionless velocity and pressure gradients can be defined by:
W - (£)w (II.8 )
S - S S  tn-ML
where L is the mean radius of the outer pipe, jj is the dynamic and v 
is the kinematic viscosity of the fluid.
The mean flow velocity over the tube's cross section is 
determined from its definition as:
W = — /*■ 2n r w(r) dr
ra nL2 o
Reynolds number in circular pipes of radius L is defined a s :
2LW
.3 dP
4 u v dZ 
or, us ing equat ion (II.9):
(11.11)
- 4r e l  (ii-12)
Substituting equation (II.9) into (II.7):
. - - |  (£> (-4REl ) [1 - r2 - Cl - a2) (11.13)
Using the dimensionless velocity in equation (11.13), the velocity 
distribution for concentric circular pipes becomes:
w = REl [(1 - r2 ) - (1 - „2 > i2g|] (11.14)
10
B. Confocal Elliptic Pipes
Aa  shown in Figure 1, let:
A: Semi-raajor axis of the outer elliptic pipe
B: Serai-rainor axis of the outer elliptic pipe .
L: Mean radius of the outer pipe
L 3 %(A + B) (11.15)
A j  Semi-major axis of the inner elliptic pipe
B^: Semi-minor axis of the inner elliptic pipe.
The velocity of a viscous fluid flowing in a straight pipe under a 
pressure gradient, dP/dZ, satisfies the equation:
H I
where Z is the longitudinal coordinate along the pipe in the direction 
of flow, X and Y are the rectangular coordinates in the plane of the
cross section of the pipe, P is the pressure, and y is Che dynamic
viscosity of the fluid.
Dimensionless coordinates can be defined by:
X - Lx; Y a Ly; Z ■ Lz (11.17)
Shear stress, ' P, is the product of y and the velocity gradient 
giving:
•P -  y \  (11.18)
L
where ^  is a velocity.
L
The differential equation of W, equation (11.16), in terms of 
dimensionless variables becomes:










( ^ 7  + ^ 2) w = | £  (11.19)
3x ay2 3z
Simple Circular Pipe
Velocity, W Q , in a simple circular pipe of radius, L, under a
3Ppressure gradient, — , is obtained from reference [6 ] as:0 U
„ . 1 i f  (L2 . r2 )o 4u az
where R is the radial coordinate and L is the mean outer radius of 
the pipe.
Rate of mass flow is given by:
<> * 2H p /L W R dR o o °
which upon substitution and simplification gives:
( I I - 20)
The mean flow velocity, W , in a simple circular pipe is given by:
ra __ 2 
HL p
giving:
Reynolds Number in an Elliptic Annular Pipe
The Reynolds number in an elliptic annular pipe of mean outer
apradius, L, with a pressure gradient, may be defined by the Reynolds 
number in a simple circular pipe of radius, L, and under the same
pressure gradient as that of the elliptic pipe. Thus:
(11.22)
Then the differential equation (11.19) for velocity becomes:
2 2 
(—— + ~^r)w = - 4RE. (11.23)
with the conditions that at the inner and outer periphery w = 0 .
The elliptic boundaries require the use of elliptic coordinates. 
Therefore, taking the origin of the coordinates, x and y, at the center 
line of the pipe, the dimensionless elliptic coordinates, ; and n, can 
be obtained from equations:
where m, a positive constant between zero and one, depends upon the 
size of the semi-major and semi-minor axes of the outer pipe.
Letting the periphery of the inner pipe be an ellipse confocal 
with that of the outer pipe,. and having an elliptic coordinate u and 
semi-major and semi-minor axes and B^, respectively, the results on c 
become:
; = 1 on the outer periphery (11.26)
5 ■ t» on the inner periphery (11.27)
x = 5(1 + 5y) cos n (11.24)
y = e(l - ^j) sin n (11.25)
Elliptic Coordinates
Consider the analytic function:
14
where
Z = x + iy (XX.29)
J - 5eln (IX.30)
in the interval of 0 < n < ? < 1; 0 £  n < 211. Thus:
in m2 x + ly = 5e + — t—inCe
2
- c(cos n + i sin n) + —  (cos n “ i sin n)
Separating the real and imaginary parts:
2
x ■ (e +■ ̂ -0 cos n 
m 2y = (? ” — ) sin n
The semi-axes of any c ■ constant ellipse are:
2
A - (c + t -)L (11.31)
2
B - (C “ t -)L (11.32)
The focal distance from the center is:
C - ( A ® -  B?2)* = [(c + | " )2 L2 " <5 - ~ ) 2 L2 ]*
C - 2mL (11.33)
The semi-axes of the outer and inner peripheries then become:
Outer: A = (1 + m2)L (11.34)
B - (1 - ra2)L (11.35)
2
Inner: A = (to + 2_)L (11.36)-----  b) Ui
2
B = (u» - — )L (11.37)li) tal
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The ratio of 4  is:
D
A _ 1 + m 2
Solving for m,
m = t(l " |)/(1 + |)]% (11.38)
Laplacian Operator in Elliptic Coordinates
The transformation of the Laplacian from rectangular to elliptic 
coordinates is:
a2 a2 1 a2 a2
T "2 + T "2 * <77"2 + T!” 2̂  (xi.39)3x ay j ax. ax
where
•2 _ |dZ 2
and
J " »dJ (11.40)
Z = x + ly 
J = xx + ix2
J ■ ?e1T1 * c(cos n + i sin n) (11.41)
Therefore
Xj = 5 cos n
X2 ■ 5 sin n
Consider also
2
Z - J ♦ § -
dZ . m^ 
dJ " ' j2
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Thus










X2 "" + ^2




and using equation (11.41)
J = eJi
where
“ t + in
(11.45)
(11.46)
Transformation of Laplacian from Z to is:
.2 .22 23 .3 - 1  / 3 3
2 2 " .2 2 . , 2 )ax ay j ax ax. (11.47)




dZ dJ 2 dZ 2 dJ
dJ • 3 3 7 dJ dJL
•2 |T,2 J |J|




, 2 . 2  
i—  * 2 —  2 2 3x 3y
i , 2  , 2— L_ (i—  + 2 — ) 
2.2 \ _ 2  . 25 j at an
(11.49)
Velocity in an Annular Elliptic Pipe
Substituting Laplacian expression in elliptic coordinates t and 
n, equation (11.48), into the differential equation of w, equation 
(XX.23), gives:
2 2^ 3 'k / „T7 2 .2— 2 — 2 ^ 5 J •3t 3ti
2Substituting j from equation (XX.44):
+ 7 2 )u = - 4 “ l (*2 - ^3t 3n
At the inner and outer peripheries:
Inner: ? = 1 (t = 0), w = 0





The solution to the above equation is: 
w ■ RE^ (wQ - W£ cos 2n) (11.54)
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where
w = w U )  o o
w2 - w2U )
and equation (11.50) satisfies the differential equation at the outer 
and inner peripheries.
@ t = 0 ( s = l ) ,  w q = w 2 = 0  (11.55)
@ t = log w (t = m )  (11.56)
Taking the second derivative of equation (11.54) with respect to t 
and n :
■ RE (w - w„ cos 2r|) (11.57)
at2 L ° 2
= 4REl w2 cos 2n. (11.58)
3ri
and by adding equations (11.57) and (11.58)
3^ 3^ " '•
(— 2 + — = Ŵo ” W2 C0S 2n  ̂ + ^ W2 cos 2n 9t 9n
it ii
= RE. w - REt (w0 - 4w-) cos 2qL O L 4 £
Comparison of this equation with equation (II.51) for w:
■i if 9
RE^ wq - REl (w2 - 4w2) cos 2r\ = - 4RE^ (x2 - 2m cos 2n)
ti
wQ B “ 4x2 (11.59)
ii 2







Integrating the above equation twice: 
w ■ - 4 / / x, dtdt + C,t + C„O Z 1 Z
where and are constants of integration.
From equations (11.43) and (11.45):
2t  ̂ 4 ~2t ,1N= e + m e (11.61)
Integrating twice:
/ [/ Ce2t t m4 s'2t) dt] dt - 1  <% e2t - ^  e‘2t) dt
= i  (e 2t * m4 a’21)
/ [/ x2 dt] dt a j  x2 .
Thus
w » - x_ + C-t + C_. (11.62)o z l z
Substituting the boundary conditions (11.54) and (11.55) into 
equation (11.62):
C2 - x2
or from equation (11.43): 
C2 = 1 + m^.
Thus
wQ = (1 - C ' i  (i - 2L) + cx log c (11.63)
20
The second boundary condition, equation (11.55), will give for c = u>:
4 ,
G1 = " (1 " r  (1 " M J / log « (11.64)(d
Circular Concentric Pipes
From equations (11.24) and (XI.25) for x and y:
,/ 2 A 2 /, A m 2 2 2 ^ , m 2.2 . 2V* + y a — ) cos n + (c - — ) s m  n
For a circular pipe, m = 0; therefore:
F 2  2  F 2 2 2y x  + y = ye (sin n + cos n)
H = TAN-1 ^  - 6 x
Thus from equations (11.63) and (11.64) for w q and C^, with m * 0, one 
gets:
. 2 
o, - - (1 ^ 2-)1 log (1)
wq = 1 - r2 + C^ log r (11.65)
For a simple circular pipe: u = 0; C^
Solution for w2
Complementary part: w 2)c " +
C C
where P and Q are constants.
2
Particular part: (w2^p ® 2m
0 .
Thus
w 2 = 2m2 + P?2 +
21
The first boundary condition, equation (11.54), yields:
2m2 + P + Q = 0. (11.66)
The second boundary condition, equation (11.55), yields:




Substituting this into the equation for w,,:
p .  - _ * " 22 '1 + 0)
Therefore
2 2 _ 2 , Q 2m , 2 L o) ■.pc + , -   o  ( z  *  -y)
C 1 + 0) 5
Letting
2
x3 = ~  (11.68)
and substituting into w^:
2
w2 = 2m (1 + o>2 - x3) (11.69)
1 + 0)
or
w2 = 2m22 (1 - C2) (1 - ^ )  (11.70)
l + o) 5
Circular Concentric Pipes
Substituting equation (11.65) for wq into equation (11.56), since m B 0, 
w = RE^ (1 - r2 + C^ log r)
w - RE. [(1 - r2) - (1 - o>2) (11.71)
L  tOg 0)
which checks with equation (11,14),
Gradient in Elliptic Coordinates
Differentiating J, equation (11.30):
t
dJ = (d5 + i? dn) e1T1






IdZ|2 * j2 |dJ|2
|dz|2 = j2 |de2 + C2 dn2 | (11.72)
The coefficients of line elements along c and n directions are from 
reference [2 ]:
h ? = J (11.73)
hn = cj (11.74)
Gradient in any orthogonal coordinates ,q 2̂ i-s from reference [2]: *
«rad * ai + a2 (II'75)
where e^ and e^ are the unit vectors.
Gradient in elliptic coordinates is from reference [2]:
grad .  i  ^  I  | _ )  {11.761
Maximum Velocity
Using w from equation (11.56), it yields:
23
3wFor -t—  =■ 0, sin 2ti = 0  giving 2n ■ nil with n = 0, 1, 2,,.. an
The first two values are for maximum velocities. The last values are
for minimum velocities. The maximum velocities are located on the
outer mean radius of the elliptic pipe where minimum velocities are
located on the minor outer radius of the elliptic pipe.
The first condition, equation (11.34), yields:
dw dw„ 
dt2 * d T  * °-
From equation (11.62) for w q :
dw dx„ ° a c  2
dt U1 dt 
From equation (11.6 9) for
2m Z ^  
dt = " i ♦ „2 dt
From equations (11.43) and (11.68) for X£ and x^, and since 5 = eC, then
2t ^ 4 -2tX2 a e + m e .
Thus
dx2 , 2 2m4
dt 5 ~ ~ T?
5 m4= 2 (tZ - ~ )  (11.77)
r
dx, 2
2 z 2  -  —  dt 5 2G
9 2= 2(5 - i2j) (11.78)
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Thus for maximum velocity:
c. - 2 u 2 - « 2 - 4 > - °




1 + u)2 dt
2 2Multiplying by (1 + to )c and arranging in decreasing order of ?: 
2(1 + 2m 2 + to2)?4 - C1(l + u>2)c2 - 2m2(m2 + m 2ui2 + 2w2) - 0
One important fact about this field concerns the locations where 
the velocity is a maximum. The velocity, w, reaches maximum values at 
two symmetric points on the minor axis of the cross section, one above 
and one below the origin, having the elliptic coordinate t whose square 
is:
2 (1 + m2) + m ~\J m2 (1 + 6ti>2 + w4) + 2  (w2 + ra4) (1 + w2)
C =
4 (1 + 2m 2 + w2)
(11.79)
Rate of Mass Flow
An element of an area in elliptic coordinates is:
ds = L2 j2 ? d5 dn (11.80)
The rate of mass flow is: 
2 it 1




Q = P L2 7  /021t /' w j2 ? d? dn (11.81)L 0)
Multiplying equations (11.44) and (11.53):
. 2 1  2 2 2  ?j w 13 — ■ • RE. [x„w - (2m w + x„w„) cos 2n + 2m w„ cos 2n]€ L 2 o 0 2 2  2
which after simplification can be written as:
Cj2w * REl [Eq - E2 cos 2n + E4 cos 4n] ~  (11.82)
where
E = x„w + m 2w„ (11.83)o 2 0 2
2E- = 2m w + x„w„ (11.84)2 0 2 2
E4 = m2w2 (11.85)
Substituting this into equation (11.81), it gives:
i m  .i
Q = ji L C fo - E2 cos 2n + E4 cos 4q] —  dq] dg
Q - 211 u L RE. /  E —L a) o 5
Letting
*«« " S,! Eo 7  (11.86)oo a) o t
then
Q = 2n p L RE I (11.87)L oo
or, using equation (11.11):
Q = - -2i_ i —2v oo 3Z
Dividing the above equation by the rate of mass flow in a solid 
elliptic pipe of semi-axes A and B, reference [4J, the result is:
26
Q- ■ I r ' T *  * r?> (II-88)S A B
Substituting the value of L, equation (11.15), into the above equation, 
it becomes:
I..s A B
Using the semi-axes of the outer peripheries, equations (11.34) and 
(11.35), in the above equation:
n~ * 4 (1 * 1 (11.89)
%  (1 - m ) 00
This equation represents the reduction of flow due to the presence of 
the inner pipe.
Integral I oo
Substituting equations (11.43), (11.63) and (11.69) into 
equation (11.83) yields:
4 ?tn4




x4 - c* + \  (11.91)
Letting
*1 ■ log C
and
*i ■ £  r  d‘ <II,92)
27
» xix ix . . = /  d5 (11.93)ij u z
Substituting Eq from equation (11.90) into equation (11.86) for I
yields:
roo " (1 + m4) x2 ‘ ~ ~ 2  x3 “ x4 + Clx12 (11.94)1 + u
Also
Using Xj from equation (11.43) into the above equation gives:
x2 = i  (1 - to") (1 + Sj) (11.95)
u
Also, the comparison of equations (11.43) and (11.68) indicates the 
following result:
x3 = x2) 4 2 (11.96)m » o»
Thus, using equation (11.95)i x^ becomes:
x3 = 1 - u2 (11.97)
Substituting from equation (11.91) into equation (11.92):
i / 8x4 * i  (1 - «T) ( 1 + ~ )  (11.98)
(D
Also
Xj = x. = log C (11.99)
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Substituting equations (11.43) and (ZI.99) into equation (11.93):
i
x. . * X19 - / (c + -sO log c dc (11.100)lj 12 0) J5
Integrating the above equation for x^2 yields:
4 4
x12 = - J  (1 - a.2) (1 - 2 -) - i ' d  - 2 _) a)2 log a (11.101)
u u
Multiplying equation (II.101) by the constant C^, given in 
equation (11.64), one obtains the following expression:
4 4_ 1 . ~ 2i ,, m \ t m \ 2
C 1X 12 * 2 (1 " “ } (1 " “ 2° (1 “ “ “(!) 0)
- i  (1 - w2) (1 - 2y) CL (11.102)
u
Combining the above equation with x^ given in equation (11.95):
(1 + m^) x2 + C1XI2 * + "
u
- ̂  (1 - a2) (1 - 5L) C 1 (11.103)
(l)
Also combining equation (11.103) with equation (11.98) for x^:
L  1 L  ®
(1 + m ) x2 + cixi2 _ x 4 * ^4  ̂ _
b)
- I  (1 - w2) (1 - ̂ )  Cj (11.104)
u
Therefore, substituting equations (11.104) and (11.97) into 
equation (11.94), the result is:




Ann * 7- (1 - a)4) (1 + 2 _ ) -------- (1 - a>2) (11.106)00 4 4 , , 2(D 1 + 0)
1 9 n,4B - - y- (1 - u> ) (1 - 2_) (11.107)OO 4 2uj
Equation (11.105) will be used in the following chapters for 
calculation of temperature distribution, conduction through the 
walls, and finally in the calculation of the Nusselt numbers.
Circular Concentric Pipes
From equations (11.106) and (11.107) with m = 0:
Xoo = 7  (1 " \  (1 _ “2) C1 (11.108)
and
ci = ” ) (11.109)1 log 0)
Substituting the value of C^ into equation (11.108):
2
I = f  (1 - w2) (1 + a>2 + — ) (11.110)oo 4 log 111
Substituting equation (11.110) into equation (11.87):
4 2n — HL r i f i  ft . 2 1 — U \ i 3 PQ ■ - -s—  L t* \ l “ o) ) (1 + (i) +   ) J —2v 4 log a) 3Z
Letting n = the volumetric rate of flow using equation (11.34)
becomes:
p Q ‘ - w r  $ 4 < (-4 - -  - T s i #  i H




Equation (11.108) for id = 0 becomes, using Equation (11.109),
I - y- (11.112)oo 4
Substituting equation (11.112) into equation (11.87), one will obtain 
the rate of mass flow for a simple circular pipe:
Q - ~  u A REl (11.113)
The above equation agrees with the form given in reference [7],
Limiting Case of Elliptic is Circular with m ■> u *  1 
From equation (11.64):
C1 = 0 (11.114)
Also, equation (11.108) for Io<j is equal to:
I = 0  (11.115)oo
Equations (11.114) and (11.115) for and I will be used in the 
following chapters to calculate the heat transfer for simple circular 
pipe.
Chapter III
TEMPERATURE DISTRIBUTION IN ANNULAR PIPES
A. Concentric Circular Pipes
The temperature distribution in the flow is determined from the 
solution of the energy equation subject to appropriate boundary 
conditions. The energy' equation for flow inside circular tubes with 
heat generation is:
1 *
where W is the velocity vector, a the thermal diffusivity, k the 
thermal conductivity, and Qq EN the heat generation density.
Let a characteristic heat flux such as the averaged heat flux 
from the outer and inner walls be q. The dimensionless variables 
can then be defined as:
W - (J) w (III.2)
^GEN " L qgen (III.3)
C - £  c (III.4)
E = j** e (III.5)
Substituting equations (111,2), (III.3), (ill.4), and (ill.5) for 
W, Qq EN j C, and E into equation (III.l), one gets the dimensionless 
temperature distribution for circular pipes as:
31
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—  4—  (r 4^) = c PR w - q (III.6 )r dr dr ^gen
where PR is the Prandtl number.
Substituting equation (11.14) for velocity distribution into 
equation (1 1 1 ,6 ):
—  4—  (r “ ) = G [ (1 - r2 ) - (1 - J2) ] - q (III.7)r dr dr log id gen
where
G = c RE. PR (III.8 )L
and c is the dimensionless temperature gradient along the pipe.
Integrating equation (III.7) twice, the temperature distribution
for circular pipes becomes:
2 4 „  2 v „ 2 2,_ „ r r r ( l - o i )  2 ,^ , r  ( 1 - u> ) ,e = G [ ----7 7  - \------- r log r + ----:-------  J -4 16 4 log to 4 log id
- t  q r 2 + A  log r + B (III.9)4 gen
Boundary conditions for e are:
e = 0 @ r = 1 (III.10)
e = e. @ r = id (III.11)in
Applying the above boundary conditions in equation (III.9), the 
constants A  and B become:
A - xsrS * s 1 - I S - <l * “2) ♦ £ C12 1 + £ V .  C1 < m -u)
* , ? V G ( r t ci) ( m -13)
where is given by equation (11.64).
Substituting equations (III.12) and (III.13) for A and B into 
equation (III.9), the final form of the dimensionless temperature 
distribution for circular tubes becomes:
This equation checks with the one given in reference [6 ].
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B. Confocal Elliptic Pipes
Consider an elliptic annular pipe subjected to two independent 
axially uniform heat fluxes through its inner and outer walls. Along 
the length of the pipe where the velocity and temperature distributions 
are fully developed, the temperature distribution has the functional 
form:
T = CZ + E(x,y) (III.15)
where C is the constant temperature gradient along the pipe and 
E(x,y) represents an excess temperature.
Considering peripherally uniform wall temperature, let:
E a 0 on ; 5 1
and (III.16)
E = E . o n r = i i )  in
Then, the first term of the temperature, equation (ill.15), represents 
the base temperature, which is also the same as the outer wall 
temperature.
T = CZ (III.17)o
Including a uniform heat generation density, QqEjj> anc* neglecting 
the viscous dissipation, the temperature distribution satisfies the 
steady state energy equation given by:
ft • VT = a (V2T + ^ “ ) (III.18)k
where ft is the velocity vector, a the thermal diffusivity, k the thermal 
conductivity, and Qq EN the heat generation density.
Since the excess temperature is:
T = E(x,y) (III.19)
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72t  = (III;20)
3x ’ 3y
then equation (III.20) makes equation (III.18):
c »■ ■ $  ♦ ♦ f  <“ -2»3x 3y 
Nondimensionalizing:
.2 2
i®- + = PR c w - q (III.22)* 2 „ 2 ngen3x 3y °
Substituting the Laplacian expression in elliptic coordinates given in 
equation (11.48) yields:
- -*-=■ C ^ f  . * 4 >  c m . 2 3 )
3x 3y c j 3t 3n
which upon substitution into equation (111,22) gives:
— ■ + ■— = C2 j2 (PR c w - q- ) (III.24)
3t 3n gen
where c is the dimensionless temperature gradient along the pipe.
The boundary conditions for e are:
e = 0 at t - 0 (III.25)
e ■ e. at t = log a> (III.26)xn
2 2 2 2Substituting (5 j ) and (5 j w) from equations (11.44), (11.45) and 
(11.82), respectively, into equation (III.24)
2 2
— r + — = r q (x_ - 2m2 cos 2n) + G (E - E„ cos 2n +
3t sn2 g™  2 0 2
+ E4 cos 4n) (III.27)
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where
G = c REt PR = c PE (111,28)Lt
and where PE ■ Peclet number and E , E-, and E, are defined byo ’ 2 ’ 4 J
equations (11.83), (11.84), (11.85), respectively.
Calculation of E2
Substituting equations (11.63) and (11.70) into equation (11,84):
E2 * 2m (1 + m + log c- —  j x2 x.j) (ill.29)
1 + 0)
Multiplying equations (11.43) and (11.68) for x2 and x^:
4 2x2 x^ = m + oi + (III.30)
where
x5 = e4 + (m.31)
c
Thus, equation (III.29) can be written as:
2
E2 = — ^ j  [1 + m4 io2 - x^ + (1 + to2) log ? 3 (III.32)
1 + to
The temperature distribution, equation (III.27), shows that the 
excess temperature distribution is affected by dimensionless 
parameter G, the product of the dimensionless uniform longitudinal 
wall temperature gradient and the Peclet number, along with the 
magnitude of heat generation.
The solution to equation (III.27) is obtained as:




g “ g(c) (III.34)
£i " fi(5j (III.35)
e£ = e£(c) (III.36)
The boundary conditions given by equations (III.25) and (III.26) are:
g = 0 at t = 0 (III.37)
g - 1 at t * log to (III.38)
fi = 0 ei “ 0 at t = 0 or t = log u (III.39)
Differentiating equation (III.33) twice with respect to t and n gives:
II tt II
5gen (fo + f2 003 2r̂  + G (eo + e2 C0S 2n 
) (III.40)
a2
— o “ “ 4 cos 2n - G (4 e„ cos 2n + 16 e. cos 4n) (III.41)3n2 gen 2 2 4
By adding equations (III.40) and (III.41):
2 2
e ” 'in 8" * tf° + (f* ' 4'2> 008 2n 1
II tl





+ (e4 - 16 e4 ) cos 4n ] (III.42)
Comparing equation (ill.42) with equation (III.27), the coefficient 
on qgen gives the following equalities:
38
it 2
f + (f« - 4f„) cos 2n ■ - x. + 2m cos 2n 0 2 2 2
or
fQ ■ - x2 (III.43)
ti 2
f2 - 4f2 - 2m
Also, the coefficient following G gives the following equalities:
II M
e + (e„-4e,) cos 2n + (e, - I 6e.) cos 4n a  E - E_ cos 2n + E, cos 4n>0 2 2  H  4  0 2  4
or
e = E_
e2 ' 4e2 ’ - ES
If




Integrating g = 0  twice with respect to t: 
g = C3 log ; + C4





g - T-lf-5- (III.45)log 0)
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The differential equation and boundary conditions for 4fQ are the 
same as those for w q given by equation (II.59):
d^w
 — =■ - 4x
2 2dt
Thus
f = 7 W  (III.46). o 4 o
Also, the differential equation and boundary conditions for are
the same as those for given by equation (11.60). Thus:
f2 - - y «2 .
Solution for eo
Letting
eo = e01 + E02 (III.48)
and taking the second derivative with respect to t:
,2 ,2_
^  ®01 0 9 2. =  01 +  92 (111,49)
dtz dt dt
Comparing equations (III.49) and (11.90) indicates the following 
results:
“S i  4- (1 + m ) x- (III.49a)
and
2 ' - ' 2dt
2m4
 2 ~   ------- j  x3 ” x4 + C1 x2 log 5 (III.50)dt 1 + (1)
where is given by equation (11.64),
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The conditions for eQ given by equation (ill.39) are satisfied by 
e ^  * * 0 at t ° 0 where t = log w.
The differential equation and boundary conditions for
4
------- 4 eo i  are t*ie saine as those for w given by equations ( 1 1 . 5 4 ) ,
1 + m °
(1 1 .5 5 )  and ( 1 1 . 6 0 ) .  Thus, substituting equation ( 1 1 .5 0 )  into
equation (III.49a), and then integrating twice, one gets:
eQ1 * - (1 + m4 ) wo (III.51)
Solution for E ^
Integrating equation (III.50) for E ^  twice:
2m4Eqj * ~  S  I f  ( j x3 + ^  x2 t) dt ] dt +
1 +(J
+ C5 t + Cg (III.52)
with a solution of
1 8m4
E02 " " 16 [ "---- 2 x3 + x4 + 4C1 (x6 “ X2 log °  +1 + 0)
+ log c + k2 ] (III.53)
where
4
x6 = c2 - 2 -  (III.54)
C
Applying the two boundary conditions given by equations (III.38) and 
(III.39), the constants k2 and become:
41
k2 = - (1 + m8 + 8m4 ) - 4 Cj (1 - m4 ) (ill.55)
and
4 4





i - = r
(0
Substituting equations (III.55) and (III.56) into equation (III.53) 
gives:
E02 = "DT ^  + ” x4 + 4m2 w2 + “ ro2 - Xg) +
4 4
+ Cj (1 + to2) (1 + 2_) log ? + 4C^(x2 - to2 - — ■) log 5
to to
+ 4Cl2 aL log C ] (III.58)
This can be rewritten as:
E02 * e02 + e03 + e04 + e05 (III.59)
where
1 2
e0 2 a 4 m w2 (III.60)
4 2
*03 " ?■ C1 [ (?2 " (1 " ^  1 los 5 (III.61)to z
. , 8 . 4
e04 " 16 £ (1 " 5 > (1 “ V  + C1 (l + “ } (1 + V  log ?1 <II]:-62>
1 ? n,4




eo 13 eo i  + E02
Adding equations (III.51), (III.60), (III.61), (III.62), and (III.63)
will give the total value of e as:o
2 41 4\ 1 2  , 1 s. / ,  w v /  2 m \  ,
eo " 4 (1 m } Wo + 4 m w2 4" 1 2 - — ) log C€ o>
8 4
+ Yg [ (i - e4 ) <1 - £_) + c (i + a.2) (i + ^ )  log c ]
e u)
+ ^  Cj [ (1 - C )  (1 + =j) + CL a1 log 5 ] (III.64)
where the above equation is one part of the total expression for 
temperature distribution, and will be used later in this chapter to 
define the temperature distribution in elliptic pipes.
Derivatives of Terms of e
The following derivatives will be used for the calculation of 
temperature distribution and heat transfer; therefore, this section is 
devoted to the derivatives of terms of e.
Taking the derivative of terms g, w q , fo> eQ1, w2> eQ2, x2 , eQ3, 
x4 » e04’ x6 ’ an(* e05 ^rom equations (III.45), (11.63), (III.46),
(III.51), (11.69), (III.60), (11.43), (III.61), (11.91), (III.62),
(III.54), and (III.63) with respect to elliptic coordinate ?, one gets;
&  = • -  (III.65)d; log (i) t
dw . 4 .
j f -  = I Cx - 2 (?2 - £_) ] I  (III.66)
where is a constant and was defined by equation (11.64).
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df . dw
d T  ' T d t 2  < m -67>
where w q is the velocity field and is defined by equation (11.63).
i  (1 + in4 ) f^o (III.68)
dw2 _ 4ra2 / 2 to2, 1j_' = “  «• (c “ *~tt) ~  (ill.69)
dC 1 + to2 C2 5
deQ2 1 2 dw2
—  I T  (III'70>
where w^ is the velocity field and is defined by equation (11.69).
dx, « 4 .
-rr- = 2(? - ^r) 7  (III.71)a? ^2 t
^ - J e l [ U 2 - . 2 - 4 > 1 M ci H T l08 {  (iii-72)(0
where and Xg are defined by equations (11.64) and (11.43).
= 4(C4 - s£) i  (III.73)
T T - -  I 6 ^ r  + T 6 c! (1 + *2) a  +JV i  (III-74)to
where and x^ are defined by equations (11.64) and (11.91).
p -  - 2<t2 + 4 > T
c
(III.75)
f !21 - - I  c ^  + I C 2 a i  dc 4 1 dc 4 1 I 5 (III.76)
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where C^, x^.and a^ are defined by equations (11.64), (ill.54), and 
(III.57).
Solution for e2
Substituting equation (III.32) into equation (111.44), one gets:
2
e« ” 4 e2   2m 2  + " *5 + ci (I + u>2) log c ]
1 + id
The above equation is the nonhomogeneous differential equation and can 
be solved by assuming some solution. Therefore, let:
e2 » z1 + M ;2 + N ^  (III.77)
C
2 1where z^ is the particular integral and M e  + N —  is the 
complementary part.
Using auxiliary equation
*(p) ■ p2 - 4 (III.78)
particular integral for term x^ from equation (III.31) is
_ 4 iAo2
x5 • « + —C
1 4 . m^oi2 . 1  _ _ 1
♦ (4) 5 T F 4 T  ?4 " " 1 2  x5 (III.79)
Thus
2
Z1 " z  "  2 [ 3 (1 + + *5 + 3 Cl (1 + W2) log C ] (III.80)
1 + w
where is a constant defined by equation (11.64).
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Using boundary conditions given by equations (III.39) in equation
(III.77), one gets:
- z 1 (1) - s z (w)
M = -i------ s— i  (III.81)
1 - r
2where s = w . Also
s z.. (1) - z1 (io)
N * s --- ----- =— ----  (III.82)
1 - sZ
Evaluating equation (III.31) for x^ at the inner and outer peripheries: 
at c - 1 x5<l) = 1 + m4o>2 (III.83)
4
at ? a u x^(oi) ■ o>4 + (III.84)
u
Upon the substitution of x^(l) and x ^(oj) from equations (ill.83) and 
(III.84) into equation (III.80), one gets:
2
Z i ( D  - j  ■ m 2  (1 + m4ui2) (III.85)
1 + 0)
2 4
z1(oi) = |  ? (o)4 + ^ )  (III.86)
1 + 0) 0)
Subtracting equation (III.86) from equation (III.85):
2
z^(l) - o)2 z^(o)) ** -j m 2 •  --- ^  (1 + o)2 + o)4 - m4 ) (III.87)
1 + 0)
Substituting equation (III.87) into equation (III.81):
M -  - |  m 2 (1 - m- ~ (III.88)
1 + 0 )  1 + 0 )
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Again by subtracting equation (III.85) from equation (III.86), one 
gets:
2 2
w2 Zl(l) - jt1(u) = - f V -- “l [mr4ci12 C1 + a>2) 3 (IH.89)
(1) 1 + 0)
Substituting equation (III.89) into equation (III.82):
N = - \  ”■ (m4o>2 + m - ~ M ) (III.90)
1 + oi 1 + «
Upon substitution of M and N from equations (III.88) and 
(ill.90) into equation (III.77), one will get the complementary part 
of that equation:
9 1 o 2 4 4SJ U •• 1 fa to / m (|) \M e  + N —  - - —  - (Xg ----------2 x7  ̂ (III.91)
? 1 + 0) 1 + 0)
where
x7 - C2 - ~  (III.92)
xg = t2 + (III.93)
Substituting equations (III.80) and (III.91) into equation (III.77), 
e2 becomes:
^ 2  ^  ^  “— 2  ̂ 3 (1 + m4o>2) + 3 (1 + o)2) log ? + x^ - 4 Xg -
1 + 0)
4 4
- 4 -  01 -2- (1 - 2_) x? ] (III.94)
1 + 0) 0)
Applying the boundary conditions given by equation (III.39) into the 
above equation, one gets:
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2
e„ “ ■?— —— [ 4 (1 + m^w2 - xft) + 4 C1 (1 + w2) log c - 
2 6 1 + to2 8 1
4 4 2<jj , , 0 1  , 1 m r . 4 2 ,- 4 - ---- 2 <1 - ~ 4  ? [ 1 + mu. +
1 + (1) u 1 + u
* Cx (1 + <d2) log c - x5 ] (III.95)
where is a constant and is defined by equation (11.64).
Denoting the second term of equation (III.95) by e ^  and the first 
term by e22> t îen: •





e21 = " Z  m  2  1 (1 " ?4) (1 " 5L| “ ) + Cl(1 + “2) log
1 + ID C
e 1 * - T — ^~2  I d  " “4 ><1 - 4 >  - U  " «4 ) d  - 1 (XII.98)
1 + U) 0) <D
e22 = J — “— 2  ̂ ^  ~ “2  ̂ ^  ” (1 " (1 “ ^ 2  ̂ -1 + 0) w
4 4
 21— _ (1 - HL-) (u2 - 1-) (III.99)
1 + u  U) w
Solution for e^




E4 - m 2 + — (1 + u2 - x3) (III. 100)
1 + a)
Substituting equation (ill.100) into equation (ill.44):
” . 2m4 „  . 2 N
e4 ‘ 16 e4 " 7 — 2 C1 * “ ‘ V1 + u
Again, using auxiliary equation
«(p) - p2 - 16 (III.101)
then
i m  > 2  + • 7  - - 1 ?  *3 (III-102)'
Thus, the particular integral of equation (III.77) becomes:
Z1 “ " 14 m  "2 t 3 (1 + d2) - 4 x3 ] (III.103)
1 + tu
Using the boundary conditions given by equation (III.39) in
equation (III.77), one gets:
4
z (1) - U) z (oi)
M  = - — ------- g— -—  (III.104)
1 - to
Also in the same manner one can find N:
. u^z.(1) - z1 (u)
N - u --- =----- s— =--- (III.105)
1 - U)
Using equation (III.103):
zl(1) = 14 “4 (III.106)
zl ( u ) = ^ m 4 (III.107)
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Thus, using equations (III.106) and (III.107), equations (III.104) and 
(III.105) for M and N become:
. 4
M a ~ '4- (III.108)
1 +  u>
4 4
H ■ - -It- (III.109)
24 1 ♦ «4 .
or
N = u)4M
Therefore, the second and third terms of equation (III.77) can be
found b y :
A l  1 4
~ ^  ■ m 4 x9 (III.110)
? 1 + U)
where
S 9  " ' T “ 4xrt = e4 + (III.Ill)
Substituting equations ( I I I . 110) and ( I I I . 103) into equation ( I I I . 77):
4 2
e 4  = -  -j. 2  I 4  (1 + w2  -  x 3 ) -  ^  + “ 4  (1  + u4  -  x 9 ) ] ( I I I . 112)
1 + U 1 + 0)
Denoting the first term by 64^ and the second term by @4 2 * one gets: 
®4 = ®41 + e42
where
4 2
e41 - ~ 2— 2 £ ” «2> (1 “ % >  1 (III.113)
1 + u 5
e42 " f e - 2-? t (1 - <4> (1 ' 4> 1 (III.114)1 + (I) c
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Therefore, e^ is the sum of equations (ill.113) and (III.114):
4 , 4 , 4 -  „ 2a r ~e m (1 - C4 ) (1 - ^r) ~ |  — — n (1 “ C2) (1 " ^ )  (III.115)
Circular Concentric Pipes





e. * 0 4
Therefore, substituting equations (III.116) into equation (III.33),
temperature distribution, e, reduces to:
e =* e. g + q f + G e  (III.117)in °  gen o o
Substituting w q from equation (11.63) into equations (III.46) and
(III.51) for f and ert1: o 01.
2w * 1 - r + Cj log r
£o = \  Cl " + C1 log r) (III.118)
ert, = - ^  (1 - r^ + C^ log r)■01
Also, using m = 0, equations (III.60), (III.61), (III.62), and (III.63) 
for eg2 > ®Q3 > eQ4 > an<* eQ5 can simplified to:
eQ2 = 0 (III.119)
l 9 2e03 = £  CL r (1 - ) log r (III.120)
r
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e04 * I F  I1 “ r4 + CL (1 + to2) log r ] (III.121)
®05 = i  C1 (1 " r2 + C1 108 r) (III.122)
Therefore, eQ will be the sum of equations (III.118), (III.119),
(III.120), (III.121), and (III.122):
eo “ “ 16 " 16 C1 “2 log r " 16 C1 log r + T  + \ C1 r2 108 r " 
* 16 r4 + k  C1 ' i  C1 r2 + £  C!2 log r (III.123)
Substituting equations (III.45), (III.46), and (III.123) for g, fQ , and 
eQ into equation (ill.117), one will get the temperature distribution 
for circular concentric pipes:
e = e * inf m + T  9 (1' - r2 + C1 log r) + G (t- r2 - --T- r4 +in log to 4 Mgen 1 & 4 16 .
+ i  C! r2 log r - i  Cx r2 - Cx log r - CL to2 log r +
+ £  Ĉ 2 log r + £  Cx) (III.124)
The above equation checks with the equation given in (111.14); it also 
checks with reference [6 ].
Simple Circular Pipes
Equation (III.46) for both ra = 0 and to = 0 becomes:









eo “ ' - l 6 ( 1 ‘ r 2 )  ( 3 ' r 2 ) (III.130)
Therefore, the temperature distribution for simple circular pipes is 
equal to:
Then, for the case of a circular pipe, m = 0 and w = 0, the 
elliptic coordinate, becomes the polar radial coordinate, r, and 
equation (III.33) reduces to that of reference [1].
Energy Equation for Unit Length of Pipe
From the semi-axes of the inner and outer pipes, the cross sectional 
area is:
(III.131)
S -  n ( A B  -  A  B  )
S = H L 2 [ ( l - u2) ( 1 + 1 )  ] (III.132)
u
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Using Qq ££j from equation (III.3), heat generation rate per unit 
length is:
qgen ” ^GEN S (III.133)
\ e n  = 11 L q qgen (1 " “2) (1 + V  (III.134)u
Heat loss rate by the flow of matter per unit length is:
Ef = Cp G Q (III.135)
where is specific heat and Q and C are defined by equations (11.87)
and (III.4). Therefore
E, = 2H L q G I f 1 oo (III.136)-
Chapter IV
HEAT GAINS BY CONDUCTION THROUGH WALLS
A. Concentric Circular Pipes
From equation (11.76) for an element of line and gradient 
expressions:
gradient in the C-direction:
d_ m 1_  8_
dN = Lj- 3? (IV.1)
element of line of t = constant line:
L d s  =» L t j d n  (IV.2)
Thus, using equations (III.5) and (111.20) for E and T, the equation of 
heat conduction across an element of ; = constant line becomes:
du ■ - k L ds (IV.3)dN
Thus, equation (IV.1) in terms of E can be written as:
—  = —  —  (IV 4)dN Lj 3?
where in the above equation:
E is the temperature distribution given by equation (III.5)
j is the dimensionless variable given by equation (11.44)




Therefore, the temperature distribution equation (IV.4) can be written
as:
dE = 3. 3e ( 5)
dN k 3r vj-v .o ;
Substituting equations (IV.2) and (IV.5) into equation (IV.3):
du = - L q r ~  dr (IV.6)d t
The heat-gain rates, u^ and u q per unit length of inner and outer pipes 
respectively, which are taken to be positive when heat flows into the 
fluid, are expressed as:
Z7r 3eFrom inner wall: u. s - L q i d /, — ) dr (IV;7)l n 0 3r r=u
From outer wall: u = L q /„ dr (IV.8 )o M ° 3r ,r=l
Taking the derivative of the temperature distribution equation (III.14), 
with respect to r, one gets:
1 1 ^ 1  / , A r 3 C1 3 _ 2 1——  —  e .  - • —  +  7- q ( - 2r + — ) + G [ - z - r —  — z - r C, w —3r in log to r 4 ngen r 16 r 16 1 r
+ {  r - |  r3 + i  Cj r log r + J  r + |  Cx2 i  ] (IV.9)
Substituting equation (IV.9) into equation (IV.7) and integrating:
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Also, substituting equation (IV.9) for a change in temperature 
distribution into equation (IV.8 ), one will get the heat gain for outer 
pipe:
1 1 1  ^1 3u = 2n L q t e. t ±  + i  q ( - 2r + — ) + G [ -  —  -o ^ m  log io r 4 ngen r 16 r
3 2 1 1  1 3 1 2 1 1  I
" 16 C1 “ 7  + 2 r " 4 r + 4 C1 ‘ 7  + 2 C1 r log r + 4 C1 r ] >
(IV.11)
Evaluating equation (IV.10) at r B w will give the inside heat through 
the wall:
u. * -211 L q ( e. — —̂  + y- q (C- - 2o»2) + G [ - C, + i n in log (d 4 ngen 1 16 1
1 2 1 2  1 4 1 9  1 2+ 16 C! 11 + J  “ i  “ + i  i  /  log 0) } (IV.12)
Evaluating equation (IV.11) at r = 1 will give the outside heat flux 
through the wall:
u = 2H L q { e._ ■=— —̂  + r q  (C, - 2) + G [ -77- C, ~o M m  log <d 4 Hgen 1 1 16 1
• 1 6  ci “2 + 5  + 7 ° i 2 1 > ( I V - 1 3 >
Let a second dimensionless inner wall temperature be defined as:
0 - Ein (IV.14)PE L c
where c is the temperature gradient along the pipe, PE is the Peclet 
number.
The above equation can be written in terms of dimensionless
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variables E. , c, and G by using equations (III.3) and (III.4) and: m
G » c PE (IV.15)
Substituting equations (III.3), (III.4), and (IV.15) into
equation (IV.14):
L q e. k e. e.a - m  _ in _ in
PE k L q c c PE G
or
e. a 6 G (IV.16)in
Now, substituting equation (IV.16) into equations (IV.12) and (IV.13), 
one will get the following forms of inner heat flux and outer heat
flux through the wall, respectively, as:
u. = - 2H L q { 0 G T— —̂  + 7- q (C. - 2u2) + G [ - -L- C. +i n log u) 4 gen 1 16 1
+ Cx (d2 + j  a)2 - <J* +  ~  C x 2 + j  Cx to2 log oi ] } (IV. 17)
u 8 ZII L q { 8 G —  + t  q (C. - 2) + G [ ~  C. - o log to 4 ngen 1 16 1
•  i 6 °i “2 * i  + i  ci2 ] 1 <IV-18)
Two special values of 0 are as follows:
1. For insulated outer wall u_ ■ 0o____
Therefore, equation (IV.18) simplifies to:
i  qgen (C1 ‘ 2) log “ + G [I 6 C1 " 16 C1 * * £ + £ Cl2] log w 0 = 0 . =   -
(IV.19)
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Using equation (IV.19), equation (IV.18) can be written as:
2. For insulated inner wall u. = 0l
Equation (IV.17) simplifies to:
• 7  V n  (C1 - 2“2) l0S “ * 6 [ - Ct + ^  Ct8 - 0 o
^ 1 2 1 4  - 1 . 2 1 , ,  2 -
2* w - TT u 4" 1 + Y  1 “ 8 “ * 8 “
Using equation (IV.21) in equation (IV.17):
8 - 8
u. - 2H L q G -r— ----l n log w
and dividing equation (IV.22) by equation (IV.21):
\  6 ~ e0 
u0 - 8 . - 8
The difference in equation (IV.19) and (IV.21) can be written as:
- _ qgen u . 1 , , 2 - 1 4  1 „ 2






+ (02 log u - Y  Cx) (IV.24)
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Let the ratio of the heat-gain rate from the outer wall to that from 
the both-walls per unit length of pipe be denoted by x :
B “ 0
X -   ---------£ -  ( I V . 25)
6o ‘ Si
Depending only on the dimensionless inner wall temperature, the value 
of X for the special case of equal wall temperatures can be defined in 
terms of the inner wall temperature T\ and the outer wall temperature Tq 
and
E. = T. - T = 0 at 8 = 0 ' (XV.25)in l o
Therefore, the value of X from equation (IV.25) can be defined as:
3 .
' - 1 (XV.27)o 8 . - 8  i o
Substituting equations (IV.19) and (IV.24) into the above, equation, one 
gets:
x .  " g e n  < C I -  2 )  l ° g  "  *  4 0  ' T ?  C 1 -  TiT C 1 “ 2  *  7  *
0 2 q (1 - to2) log to + 2G (to2 - uA - ■=■ + i  C- to2 +gen £  £  £  l
+ \  C  2 ] log to
4 1 -------  (IV.28)2 1 + 10 log (D - J  Cx) log (0
Variation of 8 by X
From equation (IV.25) for X:
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(IV.29)
Substituting equation (IV.27) into equation (IV.29):
The special cases can be listed as:
X = 0: B ■ 8 . Insulated outer wallx
X ■ Xq ; B ■ 0 Equal wall temperatures
X s 1: 3 a 6 Insulated inner wallo
Introducing the ratio
and substituting equation (IV.31) into equation (IV.30):
3 - 0i (1 - y) 




Therefore, the alternate dimensionless inner wall excess temperature, 
3 , can also be expressed as:
(IV.32)G
Substituting the above equation into equation (IV.17), the inner heat 
flux is reduced to:
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ut - -2J L q I |  q (1 - l»2 ) + G [ - i  Cx (1 - D2) - i  (I ♦ «l4) *
* 7 “2 * T C1 “2 log “ 1 + u 1 T qgen <C1 ‘ 2) * G ( 16 C1 -
' T e  °i "2 + i  + i ci2) 1 > <IV‘33)
Also, substituting equation (IV.32) into equation (IV.18), the outer 
heat flux reduces to:
u = 2H L q { p ( f  q (C. - 2) + G ( ~  C. - ~  C tf2 +o n 4 gen 1 16 1 16 1
+ \  +  k  Cl2) ] } (IV.34)
For three special cases the values of X, 8, and m are:
1. For insulated outer wall u = 0, X = 0, 8 = B.o ’ * i
u = 0 (IV.35)
2. For equal wall temperatures Tq = T^, X = X , 8 = 0
U = 1 (IV,36)
3. For insulated inner wall u. = 0 ,  X * 1, 3 = 81 o
v - (IV.37)O Ao
B. Confocal Elliptic Pipes
Again, substituting the dimensionless temperature distribution from 
equation (III.5) into equation (IV.4), one gets:
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ig  = I _  . L a  (iv. 38)
dN Lj k 3;
Also, substituting equations (IV.2) and (IV.38) into equation (IV.I), 
the heat flux through the wall is:
du = - L q c p -  dn (IV.39)^ 3n
The heat-gain rates, u^ and u q , per unit length of inner and 
outer pipes, respectively, which are taken to be positive when heat 
flows into the fluid, are expressed as:
* ̂ 3 sFrom inner wall: u. = - L q w /„ (— ) dp (IV.40)1 d Q
2ir
From outer wall: u = L q /„ (— ) dn (IV.41)o " 3?
5=1
Taking the derivative of temperature distribution, equation (ill.33), 
with respect to e, one gets:
|f - ein g* + qgen (f; + fj cos 2 n) + G (e; + e* cos 2 n +
+ e^ cos 4 n) dn (IV.42)
Substituting equation (IV.42) into (IV.40) and integrating:
u, = - 2n L q u (e. g' + q f' + G e') (IV.43)l n in °  ngen o o
Also, substituting equation (IV.42) into equation (IV.41) and 
integrating:
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u = 2n L q (e. g' + q f1 + G e') o in gen o o
C=1
Mean heat flux from both peripheries referred to a simple 
periphery of radius L becomes:
- W l T  -  W X  1 2" L 1 (ein s' * S e n  f c  *  G
C=1
- 2JI L q (U (e. g' + q f' + G e') ] n in. ngen o o
C=w
u + u . O 1
2H —  " q { ein [3'(1) " “ g,(u,) 1 + qgen C f'(1) "
+ G [e'(l) - ui e 1 (u) ] } o o
Letting
u » e. [g'(l) - id g'(u)) ] + q [f'(l) - to f'(ui) ] c in gen o
+ G [e'(l) - id e'(io) ]■ o o
then, equation (IV.45) reduces to:
u + u. o i
2n l = q ut
(IV.44) 
circular





Evaluating equation (III.65) at ; ■ 1 and 5 * id, one gets:
For ? = 1: g'(l) = (IV.48)lOg U)
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For 5 =* u: ■:— -—  >■ u> g'(tu) (IV.49)log u
Therefore
g'(l) - u g ' U )  » 0 (IV.50)
Evaluating equation (ill.67) at C = 1 and t ° one gets:
For c = 1: f* Cl) = 7- [ C. - 2 (1 - m4 ) ] (IV.51)0 4 1
1 9 *For c = u: » ('{«) a f  [ C. - 2 {« - 2?) ] (IV.52)
0  4 - 1  L0)
Therefore, the difference between equations (IV.51) and (IV.52) can be 
written as:
f' Cl) “ (0 f'(u) - - \  (1 - 0I2) (1 + S_) IV.53)0 0 2 2(0
Evaluating equation (III.68) at ? = 1 and ? = <u;
For 5 = 1: e' Cl) - - (1 + ra4 ) f'(l) (IV.54)U1 o
For c = o>: u el. (w) - - (1 + in4 ) f'(u)) (IV.55)01 o
Therefore, the difference between equations (III.54) and (IV.55) can be 
written as:
4
eJL - u ejjtu) = ~  (1 + m4 ) (1 - w2) (1 + ~ )  (IV.56)
(a
Evaluating equation (ill.70) at c = 1 and t ■ to:
i 2 ,
For 5 = 1: e^(l) * - ----- ^  nT (IV.57)
1 + 0)
65
1 2 AFor c ■ a :  u> e^Cu) ■ ---- ^  m (IV.58)
1 + u
Thus, the difference between equations (IV.57) and (IV.58) can be 
written as:
l  i 2ej2(l) - w  ej2 (u) = - 2m 2 (IV.59)
1 + <a
Evaluating equation (ill.72) at c 3 1 and ? =  i d:
For c - 1: «o3 ( D  = i  C1 (1 + m4 “ “2 - (IV.60)to
1 2 m4For c = u: u e ^ u )  = y  ( a > ---- j) log u (IV.61)
w
where is defined by equation (11.64). Therefore,
4 4
e'3 (l) - a) e'3 (<o) - \  (1 - «2) (1 - 2 j) (u,2 - Hj) +
CD 0)
1 2 m4 + J  Cx (1 - </) (1 - ~ )  (IV.62)
U)
Evaluating equation (III.74) at ; = 1 and ? ■ to:
4
For c * 1: e^(l) = - I  (1 - m8) + 1 -  ^  (1 + u2) (1 + ^ )  (IV.63)
8 4
For c - u: to e ^ ( o j )  = - £  (u>4 - 2_) + .L. ^  (1 + u>2) (1 + 2 _ )  ( i v . 6 4 )
Cl) (i)
The difference between equations (IV.63) and (IV.64) can be written as:
i a 8ej4 (l) - u e j4 (u) = - f  (1 - a.4 ) (1 + 2_) (IV.65)
(a
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Also, evaluating equation (III.76) at t 3 1 and c = tu:
For c - 1: ej5 (l) = - £  ^  [ 2 (1 + m4 ) ] + j  C ^ 2 ax (IV.66)
For e * <u: <u e ^ d )  " " J  ci d 2 + + ^  ai (IV.67)
(u
where and a^ are defined by equations (11.64) and (111.57).
The difference between equations (IV.66) and (IV,67) can be written as:
1 9 4
e^(l) - o) ej5(u) - - i Cl (1 - a:2) (1 - 2_) (IV.68)
to
Therefore, the temperature distribution can be found by adding equations 
(IV.56), (IV.59), (IV.62), (IV.65), and (IV.68):
e ^ ( l )  -  <d e^(tu) = e j ^ l )  -  tu e ^ t t o )  + e ^ d )  -  to e ^ w )  + ^ d )  ”




e'(l) - 0) e * (10) “ i d -  “4 ) d  + ^r) “ 2m4 -0 o 4 4 , 2tu 1 + to
- £  Cj_ (1 - tu2) (1 - 2~) (IV.70)
to
Comparison of equation (IV.70) with (11.105) indicates the following 
result:
e'(l) - to e ' U )  “ I (IV.71)o o OO
Substituting equations (IV.71), (IV.50), and (IV.53) into equation 
(IV.46), one gets:
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u. » - \  Q n  (1 - to2 ) (1 + 2_) + G I (IV.72)t z gen z ooto
Then the energy equation for a unit length of pipe is:
E + u, + u. = E c (IV.73)q 0 l rgen
Substituting E , E p  and uq + u. from equations (III.134), (III.136), 
qgen 1
and (IV.48) into equation (IV.73):
q (1 - « ) (1 + 2=-) + 2u = 2G I (IV.74)gen Z t oo0)
The above equation checks with the value of ut as given by 
equation (IV.72). Upon substitution of equation (IV.16), into
equations (IV.43) and (IV.44), the forms of inner and outer heat 
fluxes through the wall will be obtained as:
u. - - 2 H L  q (S G g f + q f' + G e 1) (IV.75)l gen o o
5=to
u ■ 2E L q (g G g' + q f' + G e ’) (IV.76)o gen o o
5-1
Substituting equation (IV.49) into equation (IV.75), one obtains:
$ G + to q f'(to) log to + a: G e'(to) log to 
»i - - 2 I L ,  [---------?e° log .-------------2--------- ] (IV.77)
Also, substituting equation (IV.48) into equation (IV.76):
8 G + q f'(l) log to + G e'(l) log to 
u0 - 2 I I L < l [ ------- Se" °lo— -----------2---------- ] CIV,78)
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Two special values of B are as follows:
For insulated outer wall
Equation (IV.78) with u q ■ 0 reduces to:
q „ _  f* (1) log u + G e'(l) log to 
B »  8 .  -  -  - S5S--------------------- g-----------------------------------  ( I V . 7 9 )
Using equation (IV.79), equation (IV.78) can be written as:
0 - 0
uo ■ 2n L « 0 - i s r i  (IV-80)
For insulated inner wall
Equation (IV.77) with u^ ~  0 reduces to:
to q f!(w) log to + to G e'(to) log to 
B - BQ   § e n _ o----------- __------ o---------- (XV.81)
Using equation (IV.81), equation (IV.77) can be written as:
B - B
u. - 2H L q G ----i n log to
u.
Thus, the ratio of —  yields:
uo
Ui _ B ~ Bo 
uo " ei " 0
(IV.82)
(IV.83)
The difference between equations (IV.79) and (IV.81) can be written as:
q log to ,
B^ “ Bq   ^eilQ  [f^(l) - to fg(w) 1 “ log to ( e^(l) - to eQ (to) ]
Using equations (IV..53) and (IV.71), the above equation reduces to:
q log t o - 4  
6 . - B =   (1 " u> ) (1 + ^ )  - I log to (IV.84)1 O ZLr L OO
(ti
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Substituting equations (IV.79) and (IV.84) into equation (IVt27), 
gets:
2 [ q f'(l) log io + G e'Cl) log u ]^ ___________gen o________________ o______________
0  9 m4q log t o ( l - t o ) ( l  + — =•) - 2G I log to gen 2 oo(0
where f^(l) is given by equation (IV.51). Thus,
•“ q [(1 - — )(1 - to2) + 2(1 - m4 ) log to] - 2G e'(l) log to Z gen 2 ox =  - - - - - - - - - - 2!- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
° 9  J *q log to (1 - to ) (1 + — t) - 2G I log togen I oo° to
where e'(l) is calculated below, o
Calculation of e ’(l) o
Substituting equation (IV.51) into (IV.64): 
e ^  = £  <1 + m4 ) [ 2 <1 - in4 ) - 
where is defined by equation (11.54).
Adding equations (IV.87), (IV.57), (IV.60), (IV.63), and (IV.66),
obtains the result of e'(l):o
e;t 1) " e^Cl) ♦ .J2<1> ♦ ei3 (l) * . ejjd)
Thus
2i / .. 1/. 8 * 1 *  to 4 1 ^ 1 4.e^(l) = ^  (1 - m ) ------- ^ ^  ^  (1 + m ) -
1 + to









where and are defined by equations (11.64) and (III.57), 
respectively.
Limiting Case of m u ■» 1
The product of equations (11.64) and (III.57) can be written as:
Cj ar = 0 (IV.90)
Thus, equation (IV,89) reduces to:
e^(l) * 0 (IV.91)
Variation of B by X
Therefore, the alternate dimensionless inner wall excess
temperature, B, can also be expressed as:
q „ _  f'(l) log co + G e'(l) log cd 
B - - (1 - u) -SSS------------- ------ -----------  (IV.92)
where y, f (1), G, and e^(l) are expressed by equations (IV.31), (IV.51),
(IV. 15), and (IV.89), respectively.
Substituting equation (IV.92) into equation (IV.77), the inner
heat flux is reduced to: .
u. ■ 2n L q { q [ f * C1 > - u) f'(<o) ] + G [ e* (1) - co e'(to) ] -i gen o o o o
“ y [qgen fi(1) + G eo (1) 1 } ' (IV*93)
Upon substitution of equations (IV,53) and (IV.71) into equation (IV.93), 
one obtains:
u. = 2H L q { - I  q (1 - co2) (1 + + I G -i 2 gen 2 oo(a)
- |i [ q f'(l) + G e'(1) ] } (IV.94)gen o o
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where values of f^(l) and e^(l) are given by equations (IV.51) and 
(IV.89).
Also, substituting equation (IV.92) into equation (IV.78), the 
outer heat flux is reduced to:
u0 a 2H I q { H [ qgen T ( l )  + G e^(l) ] } (IV.95)
From equation (IV.25):
*  -----   > 1 (IV.96)
1 +  —  uo
The cases of equidirectional heat fluxes through both walls
must fall into the following ranges:
1 u *For v > u : A =   > 1 :  - l < < o (IV.97)o u. u
1 uo
2 1 uiFor w = - n u : A = — =--- < 0  : —  < - 1 (IV.98)o u. u
1 uo




Figure 2. Excess Temperature for Various Heating Conditions
73
Now it is clear that any possible combinations of the heat fluxes 
through the walls can be represented by either of the paramaters X 
or y as illustrated in Figure 3.
X > 1 V 0 u. <0l u <0 u .>0 O 1
u.1 -ft * j •ft - y > u1 < —  < 0 u0
u0 -“i! -u0 "i 1
0
u >0 u < 0
X = 1 o 1
o it




1 y = yQ1 uo 1 -u.1 1






. 1 < * M  < lw0 lu 1o n u. 1 -u -u. |
- 0 1 o i 1
u. > 0 u. < 0
X * 0. 1 I 1 11 !1 y * 0 .+. 1 -► |e u G • i0 u . ;1 1 i J
X < 0 u0 > 0 u ■ < 0 l l






2y * -n yo
-i. < -1 u u. 1 “Uo uiu_ 0 1 1 Io
Figure 3. All Possible Heating Combinations for Inner and Outer Walls
Chapter V
HEAT TRANSFER IN ANNULAR PIPES
The Nusselt number for inner and outer walls of circular concentric 
pipes with no heat generation has been defined by equation (7.2) of 
reference [2]. In this work the results have been checked and are 
given in Table 1 and Figure 4.
A. Concentric Circular Pipes
Let T be defined as the mixed mean fluid temperature. This
temperature is also sometimes referred to as the bulk fluid temperature
or mixing-cup temperature. It is the temperature which characterizes 
the average thermal energy state of the fluid.
From an energy balance, the mixed mean or bulk temperature, T , 
at any section Z is defined by;
T = 77 / W T d s  (V.l)m Q s
where s and ds are full and elemental cross sectional area, respectively, 
p is the density of the fluid, and Q is the rate of mass flow through 
the annulus of the circular pipe.
Substituting equation (III.18) for temperature distribution into 
equation (V.l), one gets:
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Table 1. Nusselt Number for Various Heating Conditions 
REt = 2000, PR = 0.005, Q__.„ = 0, m  = 0L (iLN









































1 1 1 1 1 1 1 1
1 1 NUSSO NU NUSSI NO 1 NUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI NO
1
1
1 1 1 t 1 1 1 1
1
1 1 1 1 1 1 1 1
1 0 .00005 1 4 .513587 4492 .779154 1 4 .74854  9 1 7467.305120 1 3.433289 1 4227.938018 1 1 .998385 1 4423.506236
1 0 .02000 1 4.734244 32 .705117 1 5.404413 1 55 .319673 1 3 .633727 1 28 .015864 1 2. 140790 1 31 .391549
1 0.04000 1 4.778025 20 .509247 1 5.602903 1 34 .772268 1 3 .68  5243 1 17.039185 1 2. 185623 1 19.515648
1 0 .06000 1 4 .603225 15.933494 1 5.746783 1 27.026163 1 3.720719 1 12.936929 1 2.219B52 1 15.061335
1 0 .08000 1 4.820699 13.468057 1 5 .864669 1 22 .832516 1 3.749275 1 10.727405 1 2 .2 4 9 4 3 2 1 12.659491
1 1 1 1 1 1 1 1
1 0 .10000 1 4.834212 11.905784 1 5.966896 1 20.161661 1 3.774073 1 9 .325270 1 2.276421 1 11. 135428
1 0.12000 1 4.845511 10.819024 1 6.058514 1 18.293714 1 3.796591 1 8 .347369 1 2 .301777 1 10.073345
1 0 . 14000 1 4.655541 10.015642 1 6 .142415 1 16.904935 1 3.817634 1 7 .621986 1 2 .326021 1 9.286541
1 0 . 16000 1 4.664854 9 .395756 1 6 .220420 1 15.826880 1 3.837680 1 7 .060023 1 2.349468 1 8 .678000
1 0 .18000 1 4 .873796 8 .901996 1 6 .293761 1 14.962724 1 3.857036 1 6 .610374 1 2.372316 1 8 . 192013
1 1 1 1 1 1 1 1
1 0 .20000 1 4.862587 8.498921 1 6 .363308 1 14.252605 1. 3 .875905 1 6 .241502 1 2.394701 1 7 .794174
1 0.22000 1 4 .891374 8 .163384 1 6 .429706 1 13.657401 1 3 .894425 1 5 .932828 1 2 .416716 1 7.462014
1 0 .24000 1 4 .900  254 7 .879590 1 6 .493442 1 13.150394 1 3 .912695 1 5 .670313 1 2 .4384 30 1 7. 180200
1 0 .26000 1 4.909293 7 .636367 1 6 .554895 1 12.712675 1 3 .930787 1 5 .444035 1 2 .459891 1 6.937889
1 0.28000 1 4 .918534 7 .425580 1 6.614367 1 12.330461 1 3 .948750 1 5 .246767 1 2.481137 1 6 .727184
1 1 1 1 1 1 1 1
1 0.30000 1 4 .928005 7 .241154 1 6.672101 1 11.993456 1 3.966623 1 5 .073114 1 2-502197 1 6.542188
1 0 .32000 1 4 .937722 7 .078457 1 6 .728297 1 11.693801 1 . 3 .984434 1 4.918961 1 2.523093 1 6 .378404
1 0 .34000 1 4 .947694 6 .933891 1 6 .783121 1 11.425388 1 4 .002205 1 4 .781113 1 2 .543843 1 6 .232337
1 0 .36000 1 4 .957926 6 .804620 1 6 .836713 1 11.183393 1 4.019950 1 4 .657046 1 2 .564460 1 6.101231
1 0 .38000 1 4 .968418 6 .688370 1 6.889189 1 10.963953 1 4.037681 1 4 .544740 1 2 .584956 1 5 .982880
1 1 1 1 1 1 1 1
1 0 .40000 1 4 .979165 6 .583304 1 6 .940652 1 10.763935 1 4.055406 1 4 .442559 1 2.605340 1 5 .875495
1 0 .42000 1 4 .990164 6.487912 1 6.99118B 1 10.580772 1 4 .073133 1 4 .349160 1 2 .625620 1 5 .777610
1 0.44000 1 5 .001408 . 6 .400949 1 7 .040874 1 10.412334 1 4 .090864 1 4 .263431 1 2.645801 1 5 .688012
1 0 .46000 1 5 .012890 6 .321374 1 7.0B9775 1 10.256845 1 4.10B605 1 4 .184445 1 2 .665890 1 5 .6056  90
1 0 .48000 1 5.024601 6 .248310 1 7 .137950 1 10.112805 1 4 .126355 1 4 .111419 1 2 .685890 1 5 .529789






















































1 CORE SIZE 1 INNER WALL 1 OUTER NALL 1 EQUAL WALL TEMP. 1 ------— ------ - = - 2 1 — — ------— - = - 2
1
1 OMEGA
1 1 1 1 INNER FLUX 1 OUTER FLUX
1“
1 1 • 1 1 1 1 1 1 1
1 1 NUSSO NO 1 NUSSI NO 1 NUSSO NU 1 NUSSI NU 1 NUSSO MU 1 NUSSI NU 1 NUSSO NU 1 NUSSI NU
1 1 1 1 1 1 1 1 1
1-
1 0 .5 0 0 0 0 1 5 .0 3 6 5 3 3 1 6 .1 8 1 0 1 5 1 7 .1 8 5 6 6 9 1 9 .9 7 8 9 4 5 1 4 .  1441 18 1 4 .0 4 3 6 8 9 1 2 .7 0 5 8 0 6 1 S. 459587
1 0 .5 2 0 0 0 1 5 .0 6 8 6 7 8 1 6 .  118856 1 7 .2 3 2 3 2 0 1 9 .8 5 4 1 7 5 1 4 .1 6 1 8 9 2 1 3 .9 8 0 6 8 7 1 2 .7 2 5 6 4 0 1 5 .3 9 4 4 6 5
1 0 .5 4 0 0 0 1 5 .0 6 1 0 2 7 1 6 .0 6 1 2 8 6 1 7 .2 7 8 6 0 2 1 9 .7 3 7 5 6 2 1. 4 .1 7 9 6 7 9 1 3 .9 2 1 9 2 6 1 2 .7 4 5 3 9 6 1 5 .3 3 3 8 9 2
1 0.560Q 0 ' 1 5 .0 7 3 5 7 2 ' l 6 .0 0 7 8 3 4 i 7 .3 2 6 3 3 3 1 9 .6 2 8 2 9 7 1 4. 197479 1 3 .8 6 6 9 8 3 1 2 .7 6 5 0 7 6 1 5 .2 7 7 4 1 0
1 0 .5 8 0 0 0 1 5 .0 8 6 3 0 6 1 5 .9 5 8 0 9 6 1 7 .3 6 9 5 6 6 1 9 .5 2 5 6 7 6 1 4 .2 1 5 2 8 9 1 3 .8 1 5 4 9 2 1 2 . 7 8 4 6 8 3 1 5 .2 2 4 6 1 9
1 1 1 1 1 1 1 1 1
1 0 .6 0 0 0 0 1 5 .0 9 9 2 1 5 1 5 -9 1 1 7 0 9 1 7 .6 1 6 2 6 9 1 9 .4 2 9 0 8 3 1 4 .2 3 3 1 1 1 1 3 .7 6 7 1 3 0 1 2 .8 0 4 2 1 8 1 5 .1 7 5 1 7 0
1 0 .6 2 0 0 0 1 5 .1 1 2 2 9 7 1 5 .8 6 8 3 6 6 1 7 .6 5 8 5 3 1 1 9 .3 3 7 9 8 0 1 4 .2 5 0 9 4 3 1 3 .7 2 1 6 1 8 1 2 .8 2 3 6 8 3 1 5 .  128758
1 0 .6 6  000 1 5 .1 2 5 5 6 2 1 5 .8 2 7 7 9 0 1 7 . 5 0 2 3 5 6 1 9 .2 5 1 8 8 9 1 4 .2 6 8 7 8 3 1 3 .6 7 8 7 0 5 1 2 .B 4 3 0 8 0 1 5 .0 8 5 1 1 4
1 0 .6 6 0 0 0 1 5 .1 3 8 9 6 6 1 5 .7 8 9 7 3 6 1 7 .5 6 5 7 6 6 1 9 .1 7 0 3 9 0 1 4 .2 8 6 6 3 2 1 3 .6 3 8 1 7 2 1 2 .8 6 2 4 1 0 1 5 .0 4 3 9 9 9
1 0 .6 8 0 0 0 1 5 .1 5 2 6 9 3 1 5 .7 5 3 9 9 0 1 7 .5 8 8 7 8 2 1 9 .0 9 3 1 0 5 1 4 .3 0 4 4 8 7 1 3 .5 9 9 8 2 3 1 2 .8 8 1 6 7 4 1 5 .0 0 5 2 0 1
1 1 1 1 1 1 1 1 1
1 0 .7 0 0 0 0 1 5 .1 6 6 1 8 6 1 5 .7 2 0 3 5 9 1 7 .6 3 1 6 2 3 1 9 .0 1 9 7 0 2 1 4 .3 2 2 3 4 8 1 3 .5 6 3 4 8 4 1 2 .9 0 0 8 7 4 1 4 .9 6 8 5 3 1
1 0 .7 2 0 0 0 1 5 .  180010 1 5 .6 8 8 6 7 0 1 7 .6 7 3 7 0 6 1 8 .9 6 9 8 8 1 1 4 .3 4 0 2 1 3 1 3 .5 2 8 9 9 9 1 2 .9 2 0 0 1 2 1 4 .9 3 3 3 2 2
1 0 .7 6 0 0 0 1 5 .1 9 3 9 6 5 1 5 .6 5 8 7 7 1 1 7 .7 1 5 6 6 7 1 8 .8 8 3 3 7 3 1 4 .3 5 8 0 8 1 1 3 .4 9 6 2 2 6 1 2 .9 3 9 0 8 7 1 4 .9 0 0 9 2 1
1 0 .7 6  000 1 5 .2 0 8 0 6 2 1 5 . 6 3 0 5 2 2 l 7 .7 5 7 2 6 1 1 8 .8 1 9 9 3 6 1 4 .3 7 5 9 5 1 1 3 .4 6 5 0 4 1 1 2 .9 5 8 1 0 1 1 4 .8 6 9 6 5 3
1 0 .7 8 0 0 0 1 5 .2 2 2 2 3 6 1 5 .6 0 3 8 0 0 1 . 7 . 7 9 8 5 6 2 1 8 .7 5 9 3 5 0 1 4 .3 9 3 8 2 3 1 3 .4 3 5 3 2 9 1 2 .9 7 7 0 5 5 1 4 .8 4 0 0 1 4
1 0 .8 0 0 0 0 1 5 .2 3 6 5 6 0 1 5 .5 7 8 6 9 1 1 7 .8 3 9 5 6 2 1 8 .7 0 1 4 1 9 1 4 .4 1 1 6 9 3 1 3 .4 0 6 9 8 7 1 2 .9 9 5 9 5 0 1 4 .8 1 1 7 7 41 0 .8 2 0 0 0 1 5 .2 5 0 9 5 0 1 5 .5 5 6 6 9 3 1 7 .8 8 0 2 7 6 1 8 .6 4 5 9 6 2 1 4 .4 2 9 5 6 3 1 3 .3 7 9 9 2 1 1 3 .0 1 4 7 8 7 1 4 .7 8 4 8 7 1
1 O .B 4000 1 5 .2 6 5 6 6 0 1 5 .5 3 1 7 1 6 1 7 .9 2 0 7 0 8 1 8 .5 9 2 8 1 5 1 4 .4 4 7 4 3 0 1 3 .3 5 4 0 4 5 1 3 .0 3 3 5 6 6 1 4 .7 5 9 2 1 51 0 .8 6 0 0 0 1 5 .2 8 0 0 6 6 1 5 .5 1 0 0 7 0 1 '7 .9 6 0 8 7 6 1 8 .5 4 1 8 3 0 1 4 .4 6 5 2 9 4 1 3 .3 2 9 2 8 3 1 3 .0 5 2 2 8 8 1 4 .7 3 4 7 2 11
1
0 .8 8 0 0 0 1
1
5 .2 9 6 7 6 3 1
1
1
5 .6 8 9 6 8 2 1 8 .0 0 0 7 8 3 1 8 .4 9 2 8 6 9 1
1
1
4 .4 8 3 1 5 3 1 3 .3 0 5 5 6 2 1
1
1
3 .0 7 0 9 5 5 1 4 .7 1 1 3 1 4
1 0 .9 0 0 0 0 1 5 .3 0 9 5 6 6 5 .6 6 9 8 8 3 1 8 .0 6 0 6 6 3
1
1 8 .4 4 5 8 0 9 4 .5 0 1 0 0 7
1
1 3 .2 B 2 8 1 8 3 .0 8 9 5 6 6
1
1 4 .6 8 8 9 2 41 0 .9 2 0 0 0 1 5 .3 2 6 6 1 1 1 5 .6 5 1 2 0 5 1 8 .0 7 9 8 6 3 1 8 .4 0 0 5 3 3 1 4 . 5  18854 1 3 .2 6 0 9 9 2 1 3 .  108123 1 4 .6 6 7 4 8 71 0 .9 6 0 0 0 1 5 .3 3 9 3 5 6 1 5 .6 3 3 3 9 2 1 8 .1 1 9 0 6 8 1 8 .3 5 6 9 3 5 1 4 .5 3 6 6 9 4 1 3 .2 4 0 0 2 7 1 3 .1 2 6 6 2 6 1 4 .6 4 6 9 4 61 0 .9 6 0 0 0 1 5 .3 5 6 3 6 6 1 5 .6 1 6 3 8 3 1 8 .1 5 7 9 8 5 1 8 .3 1 4 8 9 5 1 4 .5 5 4 5 2 4 1 3 .2 1 9 8 7 6 1 3 .  145078 1 4 .6 2 7 2 4 01
1
4
0 .9 8 0 0 0 1
1
5 .3 6 8 9 8 2 1
1
,5 .3 9 9 6 7 1 i
1








3 .1 6 3 6 3 9 1
1







































0 : OUTER PIPE
i *• INNER PIPE
I : INSULATED INNER W ALL
2 :  EQUAL W ALL TEMPERATURE
3 :  INSULATED OUTER WALL
4 :  EQUIDIRECTIONAL FLUXES, UQ= -2 U j

















0.98 1 00-80 60.0 0-2 0-4
CORE SIZE-OMEGA
Figure 4. Nusselt Numbers Versus Core Size 
RE* = 2000, PR = 0.005, = 0, m = 0L LrCiN -J00
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or
T =*£• / W [ C Z  + E(x,y) ] ds m ^ s
T a —  S  W C Z ds + -  / W E(x,y) ds (V.2)m Q s Q s
Therefore
T = T + E (V.3)m o m
where
T = y r  { W C Z d s  (V.4)O Q S
and
E = £  S  W E ds (V.5)m Q s
A mixed mean excess temperature E^, equation (V.3), can be similarly 
defined as:
E = T - T = ■£• / W E ds (V.6)m m o Q s
Substituting equations (11.87), (III.2), (III.5), and (11.80) for
Q, W, E, and ds into equation (V.6) for E^, the mixed mean excess
temperature can be written as:
S_L 211 1
RE.I* oo
E = t g =— =--- 7- fQ I  w e r dr dr (V.7)m 211 , I k u u
Substituting equations (11.13) and (111,14) for velocity distributions 
and temperature distribution into equation (V.7) for Em> one gets:
Eo ■ 2. r!lLioo t i “ l [ Cl - r2) - (1 - “ 2) 1
[e. +  ~  q (1 - r^ + C, log r) + G ( - yr- ~m  log a) 4 ngen 1 ° 16
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or
ie ci log r ■ i6 ci “2 log r + x  °i r2 log r “ £  ci f2 +
+ £  r2 " ye r4 - j  CL + £  Cx2 log r) ] r dr dr
E = J U l . /  [ (i . r2, _ (1 _ .2 log_r j { logjr +
m k I u log at m  log o>oo
+ £  qgen (1 ’ r2 + C! l°g r) + G C " 16 " 16 C! log r “
3 2 1 2  1 2  1 2  1 4 .
- 16 C1 “ log r + 4 C1 r log r - i  C1 r + i  r - 16 r
"  £  ci + £  ci log r) J r dr (v,8)
In the above equation let:
J - /  [ (1 - r2) - (1 - »2> i S t i  ] [ e . +u log ui in log id
+ £  qgen C1 " r2 + Ci log r) + G ( - ^  ^  ^  log r -
3 _ 2 1 1 „ 2 . 1 „ 2 . 1  2 1 4- 16 C1 “ log r + 4 Ci r log r - ^  Cj r + j  r - r
- ]T Cj + ^  log r) ] r dr (V.9)
where the calculation and simplification of equation (V.9) is given in 
Appendix A.
Substituting equation (V.9) into equation (V.8), one obtains the 
following result:
E » .q L  J (V.10)
ra k  I oo
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The mean convective heat transfer coefficients h and h. foro i
the outer and inner walls may be defined as:
u = (T - T ) Prt h (V. 11)0 o m o o
u. - (T. - T ) P. h. (V.12)1 x m i l
where P and P. are the circumferences of the outer and inner o 1
circular pipes and are given by:
P = 2n L (V.13)o
Pi a 2n a L (V.14)
Substituting equation (V.6) for into equation (V.ll):
u = - E Pft h (V.15)0 m o o
Also substituting equations (IV.26) and (V.6) into equation (V.12):
u. = - (E - E. ) P. h. (V.16)1 ra m  l i
The Nusselt numbers for the outer and inner wall based on the 
hydraulic diameter of pipe are then:
U U „ = £ h 0 (V.17)
NUi = ^ h i (V.18)
where D is the hydraulic diameter and is defined as:
D “ 4 p I  p (V.19)
o i
where S is the cross sectional area for circular pipes and is given by:
S * It L2 (1 - to2) (V.20)
Substituting equations (V.20), (V.13), and (V.14) for S, PQ and P£ into 
equation (V.19), one gets:
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D - 2L (I - w) (V.21)
The above equation represents the hydraulic diameter of circular 
annulus.
Substituting equation (V.15) into equation (V.17):
“ o - i k T  <v'22)0 m
Also, substituting equation (V.16) into equation (IV.18):
~ 7 7  • k (e " 1- e . > (v-23)1 m in
The excess temperature on the inner wall from equation (III.5) 
can be written as:
= h 1  B G (V.24)in k
Subtracting this equation from E^, equation (V.10),
E - E. = - ^  ( - - = ? -  + B G) (V.25)m in k Ioo
Upon substitution of equations (IV.33) and (V.25) into equation (V.23), 
one obtains the Nusselt number for inner wall:
I  qeen (1 " + G [ £  C1 (1 “ “2) " \  Cl + ^  +NU. = (DE) • -— ------------------ — -------------- -------------
1 “  -  » Goo
7  “2 '*” ? C1 “2 1 l ° 8 “ *  1*1 i  Igen (C1 ~ 2) *
CJ/I00) - S G
where
(DE) = 2 -■ ~ -tu to (V.26a)
Substituting equations (IV.34), (V.IO) and (V.I3) into equation (V.22), 
one obtains the Nusselt number for outer wall:
The Nusselt numbers for inner and outer wall were obtained by 
equations (V.25) and (V.27). The results of these equations have 
been tabulated in Table 2 and plotted versus core size in Figure 5.
Confocal Elliptic Pipes with No Heat Generation
The Nusselt numbers for inner and outer walls of confocal 
elliptic pipes with no heat generation have been defined by 
equation (5.20) of reference [2], In this work results have been 
verified by putting Q q ^  “ 0 » and the tabulated values are given by 
Tables 3 through 6; the tabulated values are also plotted versus 
core size of the pipes and are given by Figures 6 through 9.
NU = (DE). o l
(V.27)
where
(DE)X - 2 (1 - tu) (V.28)
Table 2. Nusselt Number for Various Heating Conditions, m = 0
RE^ = 2000, PR = 0.005, QGEN = 10' Btu/Hr-ft3 (966230 W/m )
ELLIPTICITY= 0 .00000  OUTER PIPE FLATNESS (B/A) = 1 .00000
1
1 1 1 1 1
■1
1
1 1 INSULATED INSULATED 1 1 OUTER FLUX 1 INNER FLUX 1
1 CORE SIZE 1 I8 N pn HALL OUTER HALL 1 EQUAL HALL TEHP. 1 ----------- - — - = - 2 1 ----------- ------- = - 2 1
1 1 1 1 INNER FLUX 1 OUTER FLUX 1
1 OOEGA f1 “
1 1 1 1 1 • 1 1 1 1




1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 0 .00005 1 0.960906 5391 .335196 1 5.223000 1 8960 .766859 1 3.776617 1 5073.525891 1 2.198220 1 5308 .207535 1
1 0 .02000 1 5 .207668 39.206102 1 5.900850 1 66 .383627 1 3.997099 1 33.619052 1 2 .350  869 1 37 .66^865 1
1 0.00  000 1 5 .255827 20 .611097 1 6 .163190 1 01 .726723 1 0.053768 1 20 .007036 1 2 .000185 1 23.018782 1
1 0.06000 1 5 .233507 19.120190 1 6.321061 1 32 .031397 1 * 0.092791 1 15.520320 1 2 .001837 1 18.073602 1
1 0 .00000 1 5 .302769 16.161670 1 6 .051136 1 27 .399020 1 0 .120202 1 12.872887 1 2 .070376 1 15.191393 1
I 1 1 1 1 1 1 1 1
t 0 .  19000 1 5 .317633 10.286902 1 6 .563585 1 20 .190000 1 0.151060 1 11.190325 1 2 .500063 1 13.362515 1
1 0 .12000 1 5 .330062 12.962830 1 6 .660365 1 21 .952062 1 0.176250 .1 10.016803 1 2 .531950 1 12.088010 1
1 0 .10000 1 5 .301095 12.018771 1 6.756656 1 20 .285922 1 0.199397 1 9 .106380 1 2 .558623 1 11.103950 1
1 0 . 16000 1 5.351300 11.270910 1 6.802062 1 18.992257 1 0.221008 1 8 .072028 1 2.580010 I 10.013601 1
1 0.10000 1 5 .361175 10.682397 1 '6 .923137 1 17.955268 1 0.202700 1 7 .932009 1 2 .609508 1 9.830016 1
1 1 1 1 1 1 1 1 1
1 0 .20000 1 5 .370805 10.198706 1 6 .999639 1 17.103128 1 0 .263095 1 7 .089803 1 2 .630171 1 9 .353010 1
1 0 .22000 1 5.380511 9.796060 1 7 .072677 1 16.388803 1 0 .283867 1 7 .119390 1 2 .658388 1 8 .950017 1
1 0 .21090 1 5 .390280 9 .055512 1 7 .  102786 1 15.7B0073 1 0.303965 1 6 .800376 1 2.682272 1 8.616201 1
1 0 .26000 1 5 .000223 9 .163605 1 7 .210380 1 15.255212 1 0 .323865 1 6.532803 1 2 .705080 1 8 .325067 1
1 0 .20000 1 5 .010380 8 .910702 1 7 .275803 1 10.796555 1 0 .303625 1 6 .296123 1 2.729251 1 8.072623 1
1 1 1 t 1 1 1 1 1
1 0 .30000 1 5.020B05 ■ 8 .689385 1 7 .339311 1 10.392151 1 0.363285 1 6 .087700 1 2 .752017 1 7.B50629 1
1 0 .32000 1 5.031090 8 .090108 1 7 .001127 1 10.032560 1 0.382878 1 5 .902755 1 2.775003 1 7 .650085 1
1 0 .30000 1 5.002063 8 .320670 1 7.061033 1 13.710070 1 0 .002025 1 5 .737336 1 2.798227 1 7.078805 1
1 0 .36000 1 5.053719 8 .165500 1 7 .520380 1 13.020070 1 0.021905 1 5 .568055 1 2.020906 1 7 .321079 1
1 0 .38000 1 5 .065259 8 .026005 1 7 .578108 1 13.156705 1 0.001009 1 5 .053688 1 2 .803052 1 7 . 179056 1
1 1 1 1 1 1 1 1 1
1 0 .00000 1 5 .077002 7 .899965 1 7.630717 1 12.916728 1 0 .060907 1 5.331071 1 2. 865870 1 7.050590 1
1 0 .02090 1 5 .0 0 9  181 7 .785095 1 7 .690307 1 12.696927 1 0.080006 1 5.218992 1 2 .888132 1 6.933132 1
1 0 .00000 1 5 .501509 , 7 .681139 1 7.700961 1 12 .0  9 0 8 0 1 1 0.099951 1 5 .116119 1 2 .910301 1 6 .825616 1
1 0 .06000 1 5.510179 7.585651 1 7 .798753 1 12.308215 1 0 .519065 1 5 .021335 1 2.932079 1 6.726829 I
1 O.UROOO 1 5.527061 7 .097973 1 7 .851705 1 12;135367 1 0.538991 1 0 .933700 t 2.950079 1 6 .635708 1
E LL IP T IC IT I=  0 .0 0 0 0 0 OUTEB
Table 2 (Continued)
PIPE FLATHESS (B /A )  =  1 .0 0 0 0 0
1
1 INSULATED 1


























7 .4 1 7 2 2 0 1 7 .9 0 3 9 9 4 1 1 1 .9 7 4 7 3 5 1 4 .5 5 8 5 2 9
7 .3 4 2 6 2 6 1 7 .9 5 5 5 5 2 1 11 .8 2 5 0 1 1 1 4 .5 7 0 0 8 2
7 .2 7 3 5 4 2 1 8 .0 0 6 4 6 3 1 1 1 .6 8 5 0 7 8 1 4 .5 9 7 6 4 7
7 .2 0 9 4 0 1 1 8 .0 5 6 7 6 7 1 1 1 .5 5 3 9 5 8 1 4 .6 1 7 2 2 6
7 .1 4 9 7 1 4 1
1
8 .1 0 6 5 0 0 1
1
11 .4 3 0 8 1 6 1
1
4 .6 3 6 8 1 8
7 .0 9 4 0 5 3 1 8 .1 5 5 6 9 6 1 1 1 .3 1 4 9 0 3 1 4 .6 5 6 4 2 2
7 .0 4 2 0 4 0 1 8 .2 0 4 3 8 4 1 1 1 .205 57 7 1 4 .6 7 6 0  37
6 . 4 9 3  34 8 t 8 .2 5 2 5 9 1 1 1 1 .1 0 2 2 6 7 1 4 .6 9 5 6 6 2
6 .9 4 7 6 8 7 1 8 .3 0 0 3 4 3 1 1 1 .0 0 4 4 6 8 1 4 .7 1 5 2 9 5
6 .9 0 4 7 8 8 1
1
1
8 .3 4 7 6 6 0 1
1
1
1 0 .9 1 1 7 2 8 1
1
1
4 .7 3 4 9 3 6
6 .8 6 4 4 3 1 8 .3 4 4 5 6 5 1 0 .8 2 3 6 4 4 4 .7 5 4 5 8 2
6 .8 2 6 4 0 5 1 0 .4 4 1 0 7 7 1 1 0 .7 3 9 3 6 2 1 4 .7 7 4 2 3 4
6 .7 9 0 5 2 5 1 8 .4 8 7 2 1 2 1 10 .6 6 0 0 4 8 1 4 .7 9 3 8 8 9
6 .7 5 6 6 2 7 1 8 .5 3 2 9 3 7 1 10 .583 92 3 1 4 .8 1 3 5 4 6
6 .7 2 4 5 6 4 1
1




4 .8 3 3 2 0 5
6 .6 9 4 1 9 0 1 0 .6 2 3 5 1 8 1 10 .441704 1 4 .8 5 2 8 6 3
6 .6 6 5 3 9  3 1 8 .6 6 8 3 0 1 1 10 .375 15 7 1 4 .8 7 2 5 T 9
6 .6 3 8 0 6 0 1 8 .7 1 2 7 7 8 1 1 0 .3 1 1 3 7 8 1 4 .8 9 2 1 7 3
6 .6 1 2 0 3 4 1. 8 .7 5 6 9 6 1 1 10 .250 19 7 1 4 . 9  11823
6 .5 8 7 3 8 0 1
1






4 .9 3 1 4 6 8
6 .5 6 3 8 6 4
1
1 8 .8 4 4 4 8 7 10 .1 3 4 9 7 1 4 .9 5 1 1 0 7
6 .5 4 1 4 4 7 1 0 .0 8 7 8 4 9 1 10 .0 0 0 6 4 4 1 4 .9 7 0 7 3 9
6 .5 2 0 0 7 0 1 8 .9 3 0 9 5 3 1 1 0 .0 2 8 3 2 2 1 4 .9 9 0 3 6 4
6 .4 9 9 6 6 0 1 8 .9 7 3 7 0 3 1 9 .9 7 7 8 7 5 1 5 .0 0 9 9 7 7
6 .4 7 9 6 0 5 1
1
9 .0 1 3 9 9 6 1
1
9 .9 2 6 6 0 1 1
1















6 .551506  1 
6 .473360  1 
6 .400674 I 
6 .332397  1 
6 .260543  1 
1
6 .210204  1 
6 .154510  1 
6 .102130  1 
6 .052799  1 
6 .0 0 6 2 4 2  1 
1
5 .962241 1 
5 .920586  1 
5 .081105  1 
5 .643631 1 
5 .804018  1 
1
5 .774128  1 
5. 741.146 1 
5 .711358  1 
5 .681667 1 
5 .653577 1 1
5 . 62b7 11 1 
5 .600985 1 
5 .576337  1 
5 .552688 1 
5 .529791 1
0 .5 0 0 0 0
0 .5 2 0 0 0
0 .5 4 0 0 0
0 .5 6 0 0 0
0 .5 8 0 0 0
0.60000 
0 .6 2 0 0 0  
0 .6 4 0 0 0  
0 .6 6 0 0 9  
0 .6 8 0 0 0
0 .7 0 0 0 0
0 .7 2 0 0 0
0 .7 4 0 0 0
0 .7 6 0 0 9
0 .7 3 0 0 9
o.aaooo
0 .8 2 0 0 0
0 .8 1 0 0 0
0 .8 6 0 0 0
0 .8 9 0 0 0
0 .9 0 0 0 0
0 .9 2 0 0 0
0 .9 4 0 0 0
0 .9 6 0 0 0
0 .9 4 0 0 0
5 .5 4 0 1 8 6
5 .5 5 3 5 4 6
5 .5 6 7 1 3 0
5 .5 8 0 9 2 9
5 .5 9 4 9 3 4
5 .6 0 9 1 3 7
5 .6 2 3 5 2 7
5 .6 3 0 0 9 7
5 .6 5 2 3 3 8
5 .6 6 7 7 4 2
5 .6 9 2 8 0 3
5 .69R 011
5 .7 1 3 3 6 2
5 .7 2 8 8 4 6
5 .7 4 4 4 5 9
5 .7 6 0 1 9 4  
5 .7 7 6 0 4 5  
5 .7 9 2 0 0 6  
5 .8 0 8 0 7 3  
5 .8 2 4 2 3 9
5 .9 4 0 5 0 1  
5 .8 5 6 8 5 2  
5 .8 7 3 2 3 9  
5 .8 3 4 8 0 3  




























4 .8 5 2 4 2 7  1 
4 .7 7 6 8 2 5  1 
4 .7 0 6 3 1 1  1 
4 .6 4 0 3 8 0  1 
4 .5 7 8 5 9 0  1 
1
4 .5 2 0 5 5 7  1 
4 .4 6 5 9 4 1  1 
4 .4 1 4 4 4 6  1 
4 .3 6 5 8 0 7  1 
4 .3 1 9 7 9 0  1 
I
4 .2 7 6 1 8 1  1 
4 .2 3 4 7 9 8  1 
4 .1 9 5 4 7 2  1 
4 .1 5 0 0 5 1  1 
4 .1 2 2 3 9 7  1 
1
4 .0 8 8 3 8 5  1 
4 .0 5 5 9 0 5  1 
4 .0 2 4 8 5 5  1 
3 .9 9 5 1 4 2  1 
3 .9 6 6 6 7 5  1 1
3 .9 3 9 3 8 2  1 
3 .9 1 3 1 9 0  1 
3 .8 8 0 0 3 3  1 
3 .0 6 3 8 5 1  1 
3 .8 4 0 7 8 4  1 
t
2 .9 7 6 3 8 6
2 .9 9 8 2 0 4
3 .0 1 9 9 3 6
3 .0 4 1 5 8 4
3 .0 6 3 1 5 1
3 .0 0 4 6 4 0  
3 .1 0 6 0 5 1  
3 .  127388 
3 .1 4 8 6 5 1  
3 .  169842
3 .  190962 
3 .2 1 2 0 1 3  
3 .2 3 2 9 9 5  
3 .2 5 3 9 1 1  
3 .2 7 4 7 6 1
3 .2 9 5 5 4 5  
3 .3 1 6 2 6 5  
3 .3 3 6 9 2 2  
3 .3 5 7 5 1 7  
3 .3 7 8 0 5 0
3 .3 9 8 5 2 3  
3 .4  18935 
3 .4 3 9 2 8 9  
3 .4 5 9 5 8 6  
3 .4 8 0 0 0 3
-- 1
SUBSCRIPTS
0 : OUTER PIPE  
i '• INNER PIPE  
I : INSULATED INNER WALL  
2 : EQUAL W ALL TEMPERATURE  
3 :  INSULATED OUTER WALL  
4 : EQUIDIRECTIONAL FLUXES, U0= -2 U  






















0-0 0.2 0-6 0.80-4 0.98 1-0
CORE S IZE - OMEGA
Figure 5. Nusselt Numbers Versus Core Size, m = 0
REl = 2000, PR = 0.005, Qgen = 107 Btu/Hr-ft3 (966230 W/m3)
Table 3. Nusselt Number for Various Heating Conditions 
REl  = 2000, PR = 0.005, QG£N = 0, m = 0.1





































































----- ------------- — ---------------------- —.---------- 1_____ -___ ----------------- _______ ______ ________ 1 _ ___ _ 1
1
1 0 .1 0 0 0 5
1
1 9 .7 1 3 0 3 9 9 .2 8 7 0 9 5
1
1 5 .8 5 0 7 9 7
1
1 1 5 .8 0 5 4 0 7
1
1 3 .6 7  4325
1
1 7 .2 3 4 6 1 4
1
1 2 .2 1 1 8 8 6
1
1 8 . 6 7 1 9 9 2
1 0 .1 2 0 0 0 1 9 .7 7 9 8 8 7 9 .6 0 8 9 9 9 1 5 .9 9 1 9 7 9 1 1 6 .2 8 5 8 7 8 1 3 .7 3 9 5 5 8 1 7 .3 8 7 0 7 2 1 2 .2 6 5 7 3 4 1 8 -9 3 6 9 7 1
1 0 .1 9 0 0 0 1 9 .8 0 8 6 9 8 9 . 4 0 2 2 5 2 1 6 .0 9 7 4 2 4 1 1 5 .8 8 3 1 4 4 1 3 .7 8 0 9 7 8 1 7 .1 3 7 4 8 0 1 2 .3 0 3 8 7 5 1 8 .7 1 1 2 1 9
1 0 .1 6 0 0 0 1 9 .8 3 1 0 8 2 9 .0 6 1 5 2 1 1 6 .1 8 6 4 7 2 1 1 5 .2 6 3 0 2 6 1 3 .8 1 2 3 5 0 1 6 .7 9 7 1 9 1 1 2 .3 3 5 1 2 4 1 8 .3 6 4 8 7 9
1 0 .  18000 1 9 .8 9 7 9 9 9 8 .7 0 8 8 4 2 1 6 .2 6 6 0 1 9 1 ' 1 4 .6 2 8 8 1 9 1 3 .8 3 8 5 7 8 1 6 .4 5 9 3 2 1 1 2 .3 6 2 7 2 6 1 8 .0 1 1 3 3 6
1
1 0 .2 0 0 0 0
1
1 9 .8 6 1 9 7 2 8 .3 8 1 8 2 1
1
1 6 .3 3 9 2 9 7
1
1 1 4 .0 4 2 0 4 6
1
1 3 .8 6 1 8 8 8
1
1 6 .1 5 0 6 8 9
1
1 2 .3 8 8 1 7 9
1
1 7 .6 8 4 9 0 6
1 0 .2 2 0 0 0 1 9 .8 7 9 3 2 9 8 .0 8 9 5 3 3 1 6 .4 0 8 0 6 5 1 1 3 .5 1 6 7 8 7 1 3 .8 8 3 4 2 5 1 5 .8 7 6 3 2 0 1 2 .4 1 2 2 6 3 1 7 .3 9 3 3 8 6
1 0 .2 9 0 0 0 1 9 .8 B 5 7 6 6 7 . 8 3 1 4 3 8 1 6 .4 7 3 3 8 4 1 1 3 .0 5 1 3 5 7 1 3 .9 0 3 8 2 8 1 5 .6 3 4 2 5 7 1 2 .4 3 5 4 2 0 1 7 .1 3 5 7 5 8




0 .2 8 0 0 0 1
1
1
9 .9 0 7 9 3 1 7 .4 0 3 3 1 9 1
1
1
6 .5 9 6 2 3 7 1
1
1
1 2 .2 7 3 6 8 4 1
1
1





2 .4 7 9 9 2 2 1 6 .7 0 7 1 9 3
0 .3 0 0 0 0 9 .9 1 8 0 7 0 7 .2 2 5 4 3 9 6 .6 5 4 6 0 6 1 1 .9 4 7 6 3 3 3 .9 6 1 3 8 5 1 5 .0 6 3 1 2 1 2 .5 0 1 5 4 8
1
1 6 .5 2 8 4 1 3
1 0 .3 2 0 0 0 1 9 .9 2 8 7 3 6 ,7 .067091 1 6 .7 1 1 3 1 9 1 1 1 .6 5 5 4 6 8 1 3 .9 7 9 9 0 5 1 • 4 .9 1 2 5 2 5 1 2 .5 2 2 8 7 1 1 6 .3 6 8 7 7 7
1 0 .3 9 0 0 0 1 9 .9 3 9 9 9 7 6 .9 2 5 4 6 6 1 6 .7 6 6 5 8 6 1 1 1 .392 33 1 1 3 .9 9 8 2 4 4 1 4 .7 7 7  102 1 2 .5 4 3 9 4 8 1 6 .2 2 5 5 2 8
1 0 .3 6 0 0 0 1 9 .9 5 0 3 9 6 6 .7 9 8 2 0 9 1 6 .8 2 0 5 7 3 1 1 1 .1 541 63 1 4 .0  16452 1 4 .6 5 4 7 1 1 1 2 .5 6 4 8 1 6 t 6 .0 9 6 3 6 4
1 0 .3 8 0 0 0 1 9 .9 6 1 9 6 1 6 .6 8 3 3 5 7 1 6 .8 7 3 4 1 5 1 1 0 .9 3 7 5 8 3 1 4 .0 3 4 5 6 7 1 4 .5 4 3 5 7 7 1 2 .5 8 5 5 0 5 1 5 .9 7 9 3 6 7
1
1 0 .9 0 0 0 0
1
1 9 .9 7 2 7 0 9 6 .5 7 9 2 6 8
1
1 6 .9 2 5 2 2 7
1
1 1 0 .7 3 9 7 6 8
1
1 4 .0 5 2 6 1 5
1
1 4 .4 4 2 2 1 9
1
1 2 .6 0 6 0 3 8
1
1 5 .8 7 2 9 3 5
1 0 .9 2 0 0 0 1 9 .9 8 9 1 5 0  ■ 6 .4 8 4 5 6 6 1 6 .9 7 6 1 0 2 1 1 0 .5 5 8 3 5 1 1 4 .0 7 0 6 1 5 1 4 .3 4 9 3 9 9 1 2 .6 2 6 4 3 3 1 5 .7 7 5 7 2 5
1 0 .9 9  000 1 9 .9 9 5 7 8 9 6 .3 9 8 0 9 3 1 7 .0 2 6 1 2 1 1 1 0 .3 9 1 3 4 0 1 4 .0 8 8 5 8 1 1 4 .2 6 4 0 7 9 1 2 .6 4 6 7 0 2 1 5 .6 8 6 6 0 8
1 0 .9 6 0 0 0 1 5 .0 0 7 6 2 7 6 .3 1 8 8 6 6 1 7 .0 7 5 3 5 4 1 1 0 .2 3 7 0 4 8 1 4 .  106525 1 4 .1 8 5 3 7 7 1 2 .6 6 6 8 5 6 1 5 .6 0 4 6 2 9
1 0 .9 8 0 0 0 1 5 .0 1 9 6 6 1 6 .2 4 6 0 5 3 1 7 .  123862 1 1 0 .0 9 4 0 4 2 1 4 .1 2 4 4 5 4 1 4 .1 1 2 5 4 6 1 2 .6 8 6 9 0 5 1 5 .5 2 8 9 7 3
1
1 0 .5 0 0 0 0
1
1 5 .0 3 1 8 9 0 6 .1 7 8 9 3 8
1
1 7 .1 7 1 6 9 6
1
1 9 .9 6 1 0 9 1
1
1 4 .1 423 74
1
1 4 .0 4 4 9 4 6
1
1 2 .7 0 6 8 5 5
1
1 5 .4 5 8 9 4 4
1 0 .5 2 0 0 0 1 5 .0 9 9 3 0 8 6 .1 1 6 9 0 9 1 7 .2 1 8 9 0 2 1 9 .8 3 7 1 4 1 1 4 .1 6 0 2 8 8 1 3 .9 8 2 0 2 7 1 2 .7 2 6 7 1 2 1 5 .3 9 3 9 4 6
1 0 .5 9 0 0 0 1 5 .0 5 6 9 0 9 ,6 .0 5 9 4 3 5 1 7 .2 6 5 5 2 2 1 9 .7 2 1 2 7 6 1 4 .1 782 01 1 3 .9 2 3 3 1 3 1 2 .7 4 6 4 8 2 1 5 .3 3 3 4 5 9
1 0 .5 6 0 0 0 1 5 .0 6 9 6 8 9 6 .0 0 6 0 5 7 1 7 .3 1 1 5 9 2 1 9 .6 1 2 7 0 5 1 4 .1 9 6 1 1 3 1 3 .8 6 8 3 9 1 1 2 .7 6 6  168 1 5 .2 7 7 0 3 7









































ELLIPTICITX= 0*10000 OUTER PIPE FLATNESS (B/A) = 0.98020
1-1 1 1 • 1 1 11 1 INSULATED 1 INSULATED 1 1 OUTER FLUX 1 INNER FLUX1 CORE SIZE 1 INNER HALL 1 pUTER HALL 1 EQUAL HALL TEHP. 1 ------------------- = -2 1 ----------- ------- ---- -21 1 1 1 1 INNER FLUX 1 OUTER FLUX1 AM Fft l IUiI muA1 1 1 1 1 1 1 1 11 1 NUSSO NU 1 NUSSI HU 1 NUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI NU1 1 , 1 1 1 1 1 1 1 1I -1 0.60000 1 5 .095755 1 5 .910030 1 7 .402207 1 9 .414754 1 4 .231940 1 3 .768528 1 2 .805303 1 5 .1748641 0 .62000 1 5 .  109028 1 5 .866722 1 7 .446808 1 9-324233 1 4.249856 1 3 .722993 1 2 .824758 1 5. 1284691 0 .64 000 1 5 .122453 1 5 .826176 1 7.490971 1 9.238698 1 4 .267774 1 3 .680050 1 2.B44142 1 5 .0848341 0.66 000 1 5.136024 1 5.788149 1 7 .534717 1 9.157731 1 4.285694 1 3 .639482 1 2 .863456 1 5 .0437241 0.6B000 I 5 .149733 1 5 .752427 1 7 .578066 1 9 .080958 1 *4.303614 1 3 .601095 1 2.8B2702 1 5 .0049281 1 1 1 1 1 1 1 11 0.70000 1 5.163574 1 5.718820 1 7 .621036 1 9.008047 1 4 .321535 1 3 .564714 1 2 .901882 1 4 .9682581 0.72000 1 5 .177542 1 5 .687155 1 7.663644 1 8-938698 1 4.339457 1 3 .530186 1 2 .920997 1 4 .933547
J 0.74000 1 5 .191630 1 5.657279 1 7 .705906 1 8.872646 1' 4 .357377 t  3 .497371 1 2.940050 1 4 .9006441 0.76000 1 5.205833 1 5 .629055 1 7 .747836 1 8.809647 1 4 .375295 1 3 .466142 1 2 .959040 1 4 .8694131 0.78000 1 5.220146 1 5 .602358 1 7 .789446 1 8.749484 1 4.393211 1 3 .436387 1 2 .977970 1 4 .839731



































0 :  OUTER PIPE  
i * INNER PIPE 
I i INSULATED INNER WALL  
2 :  EQUAL WALL TEMPERATURE  
3*. INSULATED OUTER W ALL  
4 :  EQUIDIRECTIONAL FLUXES, U0* - 2 U  














NU9 . 2 8 7 0
8-6719
7.2346
8 2 6 5 0
8 1 8 7 4
NU NU,5. 85 0 7
5 3 9 8 5




4-5718NU3 6 7 4 3
2 -211 8 L
0-1 0-3 0-5 0-7 0-85 0-98 1.0
CORE SIZE -  0ME6A
Figure 6 . Nusselt Numbers Versus Core Size 
RE. = 2000, PR = 0.005, = 0 ,  m = 0.1L OhiN
Table 4. Nusselt Number for Various Heating Conditions 




























OUTER HALL 1 EQUAL 
1
1















































1 0 .42000 1 4.215131 5 .750262 1 5.228366 1 7 .614793 1 3.727873 1 4 .218692 1 2.767966
1 0 .44000  ' 1 4 .264681 5.795571 1 5.285336 1 7 .652755 1 3.776449 1 4 .253649 1 2 .811013







4.350535 5 .807404 14 5.393765 1 7 .640105 1« 3.859351 1 4 .255930 11
1
2 .882896
0 .50000 4 .389344 5 .790100
1




1 4 .235918 2 .913613
1 0 .52000 1 4 .426378 5 .763973 1 5.502227 1 7 .572117 1 3.930435 1 4.207186 1 2 .941661
1 0 .54000 1 4 .462087 5.732220 1 5.557752 1 7 .530250 1 3.963071 1 4 .172414 1 2 .967472
1 0 .56000 1 4 .496787 5 .697132 1 5 .614447 1 7 .486951 1 3 .994265 1 4 .133572 1 2 .991390















1 0.62000 1 4 .596767 5.585969 1 5.792272 1 7 .363202 1 4 .08  1493 1 4 .005418 1 3 .054359
1 0.64000 1 4 .629105 5 .549770 1 5.854114 1 7 .326626 1 4,108970 1 3 .961556 1 3 .073079
1 0 .66000 1 4 .661057 5 .514798 1 5 .917154 1 7 .292982 1 4 .135825 1 3 .917980 1 3 .090922
1 0.68000 1 4 .692655 5.481301 1 5.981311 1 7 .262367 1 4 . 162132 1 3 .875003 1 3. 108012
1
FLUX 1
 =  -2 1
FLUX 1
1
NUSSI NU 1 
1 1
1
5 . 185108 1 
5. 271789 1 
5.313998  1 
5 .327828 1 
5. 322396 1 
1
5 .303619  1 
5.275911 1 
5.242279  1 
5 .204929 1 
5.165453  1 
1
5 .125000 1 
5 .084390 1 
5.044206  1 
5.004852  1 
4 .966602  1
Table 4. Nusselt Number for Various Heating Conditions
RE. = 2000, PR = 0.005, Q„_m = 0, m  = 0.4GEN
E L L IP T IC IT Y =  0 .4 0 0 0 0  OUTEB P IP E  FLATNESS (8 /A )  = 0 .7 2 4 1 4
1 1 1 1 1 1
1 1 INSULATED 1 INSULATED 1 1 OUTEB FLUX 1 INNER FLUX
1 CORE SIZE 1 INNER NALL 1 OUTER NALL 1 EQUAL HALL TENP. 1 --------------------- ---- -2 1 ------------ -------- = - 2
1 1 1 1 1 INNER FLUX 1 OUTEB FLUX
1 ONEGA 1
1 1 1 1 1 1 1 1 1
1 1 NUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI HU t NUSSO NO 1 NUSSI NU
1 1 1 1 1 1 1 1 1 1
I '  
1 1 1 1 1 1 1 1 1
1 0 .7 0 0 0 0 1 4 .7 2 3 9 2 0 1 5 .4 4 9 4 2 5 1 6 .0 4 6 4 9 4 1 7 .2 3 4 7 6 9 1 4 .1 8 7 9 4 9 1 3 .8 3 2 8 5 1 1 3 .1 2 4 4 5 6 1 4 .9 2 9 6 3 4
1 0 .7 2 0 0 0 1 4 .7 5 4 8 6 2 1 5 .4 1 9 2 4 5 1 6 .1 1 2 6 0 4 1 7 .2 1 0 1 0 7 1 4 .2 1 3 3 2 3 1 3 .7 9 1 6 8 1 1 3 .  140346 1 4 .8 9 4 0 5 7
1 0 .7 4 0 0 0 1 4 .7 8 5 4 8 3 1 5 .3 9 0 7 8 6 1 6 .1 7 9 5 3 4 1 7 .1 8 8 2 4 8 1 4 .2 3 8 2 9 2 1 3 .7 5 1 6 0 0 1 3 .  155765 1 4 .8 5 9 9 2 4
1 0 .7 6 0 0 0 1 4 .8 1 5 7 8 3 1 5 .3 6 4 0 3 3 1 6 .2 4 7 1 7 9 1 7 . 1 6 9 0  32 1 4 .2 6 2 8 8 8 1 3 .7 1 2 6 7 6 1 3 .1 7 0 7 8 5 1 4 .8 2 7 2 5 5
1 0 .7 8 0 0 0 1 4 .8 4 5 7 5 6 1 5 .3 3 8 9 4 6 1 6 .3 1 5 4 3 1 1 7 .1 5 2 2 7 7 1 4 .2 8 7 1 3 5 1 3 .6 7 4 9 4 9 1 3 .1 8 5 4 6 8 1 4 .7 9 6 3 4 1
1 1 1 1 1 1 1 1 1
1 0 .8 0 0 0 0 1 4 .8 7 5 3 9 7 1 5 .3 1 5 4 6 7 1 6 .3 8 4 1 8 3 1 7 .1 3 7 7 9 2 1 4 .3 1 1 0 5 5 1 3 .6 3 8 4 3 9 1 3 .1 9 9 8 7 1 1 4 .7 6 6 2 5 2
1 0 .8 2 0 0 0 1 4 .9 0 4 6 9 9 1 5 .2 9 3 5 2 8 1 6 .4 5 3 3 3 1 1 7 .1 2 5 3 8 4 1 4 .3 3 4 6 6 6 1 3 .6 0 3 1 4 7 1 3 .2 1 4 0 4 0 1 4 .7 3 7 8 4 9
1 0 .8 4 0 0 0 1 4 .9 3 3 6 5 6 1 5 .2 7 3 0 5 1 1 6 .5 2 2 7 7 2 1 7 . 1  14863 1 4 .3 5 7 9 8 3 1 3 .5 6 9 0 6 3 1 3 .2 2 8 0 2 1 1 4 .7 1 0 7 8 1
1 0 .8 6 0 0 0 1 4 .9 6 2 2 6 0 1 5 .2 5 3 9 5 6 1 6 .5 9 2 4 0 9 1 7 .  106041 1 4 .3 8 1 0 2 1 1 3 .5 3 6 1 6 8 1 3 .2 4 1 8 4 8 1 4 .6 8 4 9 9 1
1 0 .8 8 0 0 0 1 4 .9 9 0 5 0 6 1 5 .2 3 6 1 6 2 1 6 .6 6 2 1 4 8 1 7 .0 9 8 7 3 9 1 4 .4 0 3 7 9 0 1 3 .5 0 4 4 3 7 1 3 .2 5 5 5 5 6 1 4 .6 6 0 4 2 2
1 1 1 1 1 1 1 1 1
1 0 .9 0 0 0 0 1 5 .0 1 8 3 9 0 1 5 .2 1 9 5 8 6 1 6 .7 3 1 8 9 9 1 7 .0 9 2 7 8 9 1 4 .4 2 6 3 0 1 1 3 .4 7 3 8 4 1 1 3 .2 6 9 1 7 3 1 4 .6 3 7 0 1 4
1 0 .9 2 0 0 0 1 5 .0 4 5 9 0 8 1 5 .2 0 4 1 4 9 1 6 .8 0 1 5 7 8 1 7 .0 8 8 0 3 0 1 4 .4 4 8 5 6 6 1 3 .4 4 4 3 4 5 1 3 .2 8 2 7 2 4 1 4 .6 1 4 7 0 6
1 0 .9 4 0 0 0 1 5 .0 7 3 0 5 8 1 5 .1 6 9 7 7 4 1 6 .8 7 1 1 0 6 1 7 .0 8 4 3 1 2 1 4 .4 7 0 5 9 1 1 3 .4 1 5 9 1 4 1 3 .2 9 6 2 3 0 1 4 .5 9 3 4 3 9
1 0 .9 6 0 0 0 1 5 .0 9 9 8 3 5 1 5 .1 7 6 3 8 3 1 6 .9 4 0 3 9 5 1 7 .0 8 1 4 8 3 1 4 .4 923 B 6 1 3 .3 8 8 5 1 5 1 3 . 3 0 P 7 1 1 1 4 .5 7 3 1 5 5
1 0 .9 8 0 0 0 1 5 .1 2 6 1 4 6 1 5 .1 6 3 8 1 2 1 7 .0 0 9 0 2 5 1 7 .0 7 9 0 5 8 1 4 .5 1 3 9  20 1 3 .3 6 2 1 4 9 1 3 .3 2 3 2 2 3 1 4 . 5 5 3 7 6 0
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Figure 7. Nusselt Numbers Versus Core Size 
REl  = 2000, PR = 0.005, QGEN = 0, m = 0.4
Table 5. Nusselt Number for Various Heating Conditions 
REl  = 2000, PR = 0.005, Qg e n  = 0, m ■ 0.7
S L L I P T I C I T I -  0 .7 0 0 0 0  OUTEB P IPE  FLATNESS (B /A ) = 0 .3 4 2 2 8
1 1 1 1 1
1 INS0LATED 1 INSULATED 1 1 OUTEB FLUX 1 INNEB FLUX
1 COBE S IZE 1 INNEB HALL 1 OUTER HALL 1 EQUAL HALL TEHP. 1 ---------------------= - 2 1 ------------ -------- --- -  2
1 1 1 1 INNEB FLUX 1 OUTEB FLUX
1 OtlEGA *
t 1 1 1 1 1 1 1
1 NUSSO NO 1 NUSSI NU 1 NUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI HU 1 NUSSO NU 1 NUSSI NU
1 ) 1 1 1 1 i 1 k 1 1
1 1 1 1 1 1 1 1
1 0 .7 0 0 0 5 1 4 .4 9 1 0 5 9 1 5 .0 8 9 3 6 6 1 4 .7 9 4 6 2 9 1 5 .4 4 9 6 6 2 1 4 .3 4 6 9 3 3 1 4 .5 1 8 8 5 8 1 3 .9 6 5 1 8 4 1 4 .9 3 3 6 4 7
1 0 .7 2 0 0 0 1 4 .5 1 0 0 6 4 1 5 .  102802 1 4 .B 0 8 1 5 5 1 5 .4 5 5 8 6 5 1 4 .3 6 8 3 1 2 1 4 .5 4 1 3 3 5 1 3 .9 9 1 9 1 2 1 4 .9 4 9 8 1 0
1 0 .7 4 0 0 0 1 4 .5 2 6 7 6 5 1 5 .1 0 0 8 5 5 1 4 .8 2 1 3 9 7 1 5 .4 4 8 0 5 2 1 4 .3 8 6 5 9 8 1 4 .5 4 6 7 1 2 1 4 . 0 1 3 7 5 2 1 4 .9 5 0 0 3 1
1 0 .7 6 0 0 0 1 4 .5 4 2 4 5 2 1 5 .0 8 8 9 9 1 1 4 .8 3 5 6 4 9 1 5 .4 3 1 9 9 3 1 4 .4 0 3 0 6 4 1 4 .5 3 9 9 3 1 1 4 .0 3 1 9 0 0 1 4 .9 3 9 6 4 1
1 0 .7 8 0 0 0 1 4 .5 5 7 7 8 6 1 5 .0 7 0 2 5 8 1 4 .8 5 1 5 1 7 1 5 .4 1 0 8 1 5 1 4 . 4  18384 1 4 .5 2 3 8 6 8 1 4 .0 4 7 0 4 1 1 4 .9 2 1 6 4 9
1 1 1 1 1 1 1 1
1 0 .8 0 0 0 0 1 4 .5 7 3 1 7 3 1 5 .0 4 6 7 5 0 1 4 .8 6 9 3 5 0 1 5 .3 8 6 6 1 4 1 4 .4 3 2 9 8 6 1 4 .5 0 0 5 8 0 1 4 .0 5 9 6 5 1 1 4 .8 9 8 1 4 6
1 0 .8 2 0 0 0 1 4 .5 8 8 8 7 8 1 5 .0 2 0 0 0 5 1 4 .8 8 9 3 5 2 1 5 .3 6 0 8 8 6 1 4 .4 4 7 1 6 5 1 4 .4 7 1 6 4 4 1 4 .0 7 0 0 9 1 1 4 .8 7 0 6 8 1
1 0 .8 4 0 0 0 1 4 .6 0 5 0 7 6 1 4 .9 9 1 1 8 3 1 4 .9 1 1 6 4 3 1 5 .3 3 4 7 2 9 1 4 .4 6 1 1 2 8 1 4 . 4 3 8 3 0 7 1 4 .0 7 8 6 5 0 1 4 .8 4 0 4 4 1
1 0 .8 6 0 0 0 1 4 . 6 2 1 8 8 2 1 4 .9 6 1 1 7 6 1 4 .9 3 6 2 8 4 1 5 .3 0 8 9 5 4 1 4 .4 7 5 0 2 3 1 4 . 4 0 1 5 7 3 1 4 .0 8 5 5 6 9 1 4 .8 0 8 3 4 6
1 0 .8 8 0 0 0 1 4 .6 3 9 3 6 6 1
1
4 .9 3 0 6 6 9 1
1




4 .4 8 8 9 5 5 1 4 .3 6 2 2 6 0 1 4 .0 9 1 0 5 2 1 4 .7 7 5 1 1 8
1 0 .9 0 0 0 0
1
1 4 . 6 5 7 5 6 8 1 4 .9 0 0 1 8 8 1 4 .9 9 2 6 6 6 1 5 .2 6 0 7 9 5
I
1 4 .5 0 3 0 0 0 1 4 .3 2 1 0 3 7
1
1 4 .0 9 5 2 7 7
1
1 4 .7 4 1 3 1 8
) 0 .9 2 0 0 0 1 4 .6 7 6 5 0 0 1 4 .8 7 0 1 3 8 1 5 .0 2 4 3 6 8 1 5 .2 3 9 1 6 6 1 4 .5 1 7 2 0 7 1 4 .2 7 8 4 5 5 1 4.0984(11 1 4 .7 0 7 3 8 7
1 0 .9 4 0 0 0 1 4 .6 9 6 1 6 1 1 4 .8 4 0 8 2 4 1 5 .0 5 8 3 5 6 1 5 .2 1 9 4 9 8 1 4 .5 3 1 6 0 9 1 4 .2 3 4 9 6 6 1 4 .1 0 0 5 6 2 1 4 .6 7 3 6 6 9
1 0 .9 6 0 0 0 1 4 .7 1 6 5 3 2 1 4 .8 1 2 4 7 5 1 5 .0 9 4 5 7 4 1 5 .2 0 1 9 3 5 1 4 .5 4 6 2 2 5 1 4 .1 9 0 9 4 4 1 4 .  101887 1 4 .6 4 0 4 2 7
1 0 .9 8 0 0 0 1 4 .7 3 7 6 1 1 1 4 .7 B 5 2 8 2 1 5 .1 3 3 0 1 4 1 5 .1 8 6 6 2 4 1 4 .5 6 1 0 7 6 1 4 .1 4 6 6 7 6 1 4 .  102471 1 4 .6 0 7 8 7 4
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Table 6 . Nusselt Number for Various Heating Conditions 
REt = 2000, PR « 0.005, Q_„„ = 0, m = 0.98ii bCiM
E L L IP T IC IT Y 3 0 .9 8 0 0 0  OUTEB P IP E  FLATNESS (B /A ) = 0 .0 2 0 2 0
1 1 1 1 1
1 INSULATED 1 INSULATED 1 1 OUTEB FLUX 1 INNEB FLUX
1 CORE S IZE 1 INNER HALL 1 OUTER HALL 1 EQUAL HALL TEHP. > 1 ---- --------- =  - 2 1 -------- = - 2  1
1 1 1 1 INNEB FLUX 1 OUTEB FLUX
1 ONEGA 1
1 1 1 1 1 1 1 1
1 NUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI NU 1 NUSSO HU 1 NUSSI HU 1 NUSSO NU 1 NUSSI NU 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 0 .9 8 0 0 5 1 5 .0 6 9 1 5 3 1 5 .0 7 4 3 8 9 1 5 .2 1 8 8 6 6 1 5 .2 2 4 2 7 3 1 4 .9 9 7 4 6 3 1 4 .7 9 9 0 4 7 1 4 .7 9 4 0 6 2 1 5 . 0 0 2 6 3 0  1
1 0 .9 8 2 0 0 1 5 .0 6 9 2 1 9 1 5 .0 7 9 3 6 8 1 5 .2 1 8 8 8 2 1 5 .2 2 4 2 0 9 1 4 .9 9 7 5 4 4 1 4 .7 9 9 1 1 0 1 4 .7 9 4 1 9 7 1 5 .0 0 2 6 3 5  I
1 0 .9 8 9 0 0 1 5 .0 6 9 2 5 8 1 5 .0 7 4 2 0 9 1 5 .2 1 8 9 1 4 1 5 .2 2 4 0 3 2 1 4 .9 9 7 5 9 4 1 4 .7 9 8 9 8 2 1 4 .7 9 4 2 6 3 1 5 .0 0 2 4 8 5  1
1 0 .9 9 5 0 0 1 5 .0 8 9 2 8 1 1 5 .0 8 6 3 9 2 1 5 .2 5 1 2 3 5 1 5 .2 5 3 4 2 5 1 5 .0 0 4 7 1 8 1 4 .7 8 2 3 0 2 1 4 .7 8 0 2 9 9 1 5 .0 0 6 8 0 0  1
1 1 t 1 1 1 1 1
SUBSCRIPTS
0 : OUTER PIPE  
i ■ INNER PIPE 
I : INSULATED INNER W ALL  
2 :  EQUAL WALL TEMPERATURE  
3 :  INSULATED OUTER WALL  
4= EQUIDIRECTIONAL FLUXES, U0= -2 U  
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Figure 9. Nusselt Numbers Versus Core Size 
REt - 2000, PR = 0.005, Q „ „  = 0, m = 0.98Lt viEiN 101
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B. Confocal Elliptic Pipes
Let T be defined as the mixed mean fluid temperature. This m
temperature is also sometimes referred to as the bulk fluid temperature 
or mixing-cup temperature; it is the temperature which characterizes 
the average thermal energy state of the fluid and is defined by 
equation (V.3). Also, a mixed mean excess temperature, E^, has been 
defined by equation (V.6).
Substituting equations (11.87), (II.8 ), (III.5), and (11.80) for 
Q, W, Ej and ds into equation (V.6), the mixed mean excess temperature 
can be defined as:
\  * 2n i L RE. X i  <£> " 6 > < l 2  j2 "*5 d" > <V'29)L oo
In the above equation let':
J ’ ‘ 2 F 5 i r  ”  »’ 5 jZ " e dt dri (v-30)Xj
The above equation can be simplified further by substituting the value
2of j from equation (11.44):
J " " F i "  i  5 (1 + \  - 2 4  cos 2n) w e d? dn (V.31)
Therefore, substituting equation (V.31) into (V.29),- the mixed mean 
excess temperature, E^, becomes:
E™ = - ¥ - r -  <v -32>oo
Noting that, for noncircular cross sections, peripherally uniform 
temperature distributions do not correspond to uniform heat-flux 
distributions around the peripheries, the mean convective heat transfer
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coefficients h and h. for the outer and inner walls may be defined o 1 7
from the equations:
u = (T - T ) Prt h (V.33)o o m o o
u. = (T. - T ) P. h. (V.34)X X IQ X X
where P and P. are the circumferences of the outer and inner o i
elliptic pipes.
Substituting equation (V.6) for E^ into equation (V.33), one 
obtains the outer heat flux through the wall:
u = - Em Pn h (V.35)0 m o o
Also, substituting equation (V.26) into equation (V.34):
u. = - (E - E. ) P. h. (V.36)1 m in l i
The Nusselt numbers for the outer and inner walls based on the 
hydraulic diameter of pipe are then:
mj0 - £  h0 (V.37)
NU. = £  h. (V.38)
where D is the hydraulic diameter and is defined as:
D B A (V.39)
o i
where S is given by equation (ill.132).
Thus, using equation (III.132) for S, equation (V.39) can be 
defined as:
D = p4lI+Lp (1 - <o2) (1 + 2y) (V.40)
o i oj
The above equation represents the hydraulic diameter of the elliptic
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annular pipe.
Substituting equation (V.35) for hQ into equation (V.37), one will
get:
""o- - f - r r  <v-41)0 m
Also, substituting equation (V.36) into equation (V.38), one will get:
lrai  °  '  pT H e '1- — 7  (v -42)1 m xn
The eccentricity of a ; = constant ellipse using the focal distance C







For outer and inner peripheries this equation becomes:
2m
k(l) = . 2 (V.44)l + m
4
k(w) = 2 , • -  (V.45)
i. CO
01
The circumferences of the outer and inner peripheries are expressed as:
PQ = 4A Ex (V.46)
P. *■ 4'A E (V.47)1 u u
where E^ and E^ are complete elliptic integrals of the second kind 
which are functions of the eccentricities of the inner and outer pipes 
given by equations (V.46) and (V.47).
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Thus
Ej - E [ k(l) ] (V.48)
E * E [ k(w) ] (V.49)(!)
The above two equations are complete elliptic integrals of the second 
kind as defined by:
E(k) = ,;/2<1 - k2 sin2 G)^ dG (V.50)
The total circumference of the pipe from equations (V.46) and (V.47) 
becomes:
P + P. « 4 (A E, + A E ) (V.51)0 1 1 0) L)
Substituting equations (11.34) and (11.36) for A and into 
equation (V.51), one will get:
o J -P + P. - 4 [ (1 + m “) E. + (1 + ~ )  u E ] L (V.52)0 1 1 Z 0)0)
Substituting equation (V.52) for PQ + into equation (V.40):
n (1 - t/) (1 + 2-)
D = ---------------------- 1-------  L (V.53)
(1 + m2) E, + (1 + 2_) u E 1 2  mll)
where E^ and Ey are given by equations (V.48) and (V.49).
Also, using equations (11.34) and (11.36) for A and A^ in equations 
(V.46) and (V.47), P and P. become:o i
PQ - 4 (1 + ra2) Ej_ L (V.54)
2
P- = 4 (1 + 2_) a) E L (V.55)1 Z ID
hi
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Now. substituting values of u and E from equations (IV.94) ando m
(V.32) into equation (V.41) for NU , one obtains:o'
"“o = 2n “ [ "gen f;(l) + G e;(1) 1 - f  f- (V-56)o
where f1 CD, G, e'(l), I and J are defined by equations (IV.51),O O 00
(IV.15), (IV.88), (11.94), and (V.30), respectively.
Substituting equations (V.53) and (V.54) for D and Pq into the 
above equation, one obtains:
(1 - a2) (1 +
NU = 11
0 2 (1 + m 2) E, " “ 2!1 (1 + m 2) E. + (1 + 2_) » E
1 2  bb)
I
r- U L t.gen. -£» w [ q f«(i) + G e'(l) ] (V.57)J  o o
Subtracting equation (V.24) for E^n from equation (V.32) for Em , one 
will get:
E - E. = - V 1 <T*“  + G B ) (V.58)m in k Ioo
Now, upon substitution of equations (IV.93) and (V.58) into 
equation (V.42) for NU^, one obtains:
«  . „*> (1 . 4 ,
NU. = 11 “ 00i 2 2
2 (1 + 2r) u E (1 + m 2) E. + (1 + 2_) (0 E G 8 *00 + J2 to 1 2 cu(ll u
f - “gen + 4 >  + G - » I “gen *i«> * G ‘oll) 1 >
(V.59)
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In equation (V.59) let:
(1 - id2) (1 + 2 _)
DE  ------------------- r — ------- (V.60)
(1 + m2) E. + (1 + HL) u e 1 2. 010)
and for w = 1
(DE)j =  r 2  (DE)-------- (V.61)
2 (1 + m 2 ) Ej_
and for w = to
(DE) *  R l  ^DE)  (V.62)w 2
2 (1 + ^ )  0) E 
£ - (0
Therefore, upon substitution of equation (V.62), equation (V.59) 
becomes:
" i  ' <“ >. • e T T T J  ' « - W  (iT ^ >  (1 + 4 >  + Eoo G -oo u
- y ( q „ „  f'(l) + G e'(l) ] } (V.63)gen o o
Also, substituting equation (V.61) in equation (V.57), NUq can be 
defined as:
I
NU = (DE). • -22. y [ q f'(l) + G e'(l) ] (V.64)o l j gen o o
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Calculation of J
With heat generation the dimensionless cup temperature is from
equation (111.33):
e ■ e. g + q (f + f„ cos 2n) + G (e + e„ cos 2n + e, cos 4n) in gen o 2 o 2 4
(V.65)
where g, fQ , f G ,  eQ , e a n d  e^ are given by equations (1X1.45), 
(III.46), (III.47), (IV.15), (III.64), (III.96), and (ill.115), 
respectively.
Multiplying equation (V.65) by (11.82) one will get:
^  t j2 w e ■ e.n E0 S i  . G <E0 |  E2 e2 . i  E4 e4 > i  .
Li
Let
+ 0  [ E0 e2 - E2 e0 - i  E2 e4 . i  E4 e2 - E2 eln g *
. <Eq £2 - E2 £o . i  E4 £2> qgen ] cos 2n +
. G (E0 e4 - i  E2 e2 . E4 eQ + E4 g -
- ■=■ E„ q + E. f q ) —  cos 4n + 2 2 2 ngen 4 o Mgen 5
+ ( ' 1  E2 %  *  k  H  e2 W  f  cos 6" *
££¥ 1  + ’gen (Eo £o - I  E2 V  ?  (V-66)
°2 ' 0 1 Eo e2 " E2 eo ‘ T  E2 e4 * 1  E4 e2 ‘ E2 ’in 8 +
* <Eo f2 ' E2 fo * 1  E4 V  ’gen 1 (V'67)
C8 = “ E4 e4 (V*70>
Therefore, Che above equation can be simplified further as:
^  5 j2 „ e = ein E0 g i  ♦ G (E0 eQ - i  E, e, + }  *4 ) i  ♦
+ q (E f - -  E, f,) ~  + C. cos 2n + gen o o 2 2 2 ? 2
+ cos 4n + Cg cos 6ri + Cg cos 8n (V.71)
where C2, C^, Cg, and Cg are functions of ?. 
In the above equation let:
Y ■ - ^  *0 * T  45 (v>72)
J 0 ■ - C  E0 T  «  (V-73)
J 2 ' I  C  E 2  *2 7  d' <V-74)
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Substituting equations (V.72) through (V.77) into equation (V.71), 
one obtains:
Rg- i  ? j2 w e dC dn = - 2 n [ e.n Y + G (Jo + J2 + J4 > +
L
+ Sen (J6 * V 1 (V’78)
Therefore, upon substitution of (V.78), equation (V.30) can be 
written as:
J - e. Y + G (J + J, + J.) + (J, + JR) (V.79)xn 0 2 4 gen o o
where Y, JQ , J ^ ,  J^, Jg, and Jg are given by equations (V.72) through
(V.77) and their calculation and simplification is given in Appendix B.
Furthermore, the above equation can be simplified to:
J = B G Y + G (JQ + J2 + J4 ) + qgftn (Jg + Jg) (V.80)
where e^n was given by equation (IV,16).
Now, substituting equation (V.80) for J into equations (V.63) and 
(V.64), the equations for inner and outer Nusselt numbers become:
NU. - (DE) •
Ioo
1 '— a  G S I + 8 G Y + G (J + J„ + J, ) + q (J, + J„)oo o 2 4 gen o o
* { " (“ T “ > (1 + + L  G "gen 2 2 oo0)
- v [q ' f’(l) + G e!(l) ] } (V.81)gen o o
Ill
I w
NUo - (DE.)X • 3 q Y + G (j + J + J ) + q (J + JQ )
0 2 4 gen o o
[ q f’(l) + G e'(l) ] (V.82)’gen o o
Substituting equation (XI.92) into (III.45), one will obtain the value 
of g:
x.
g - ~ —  (V.83)® log u
Substituting the above equation into equation (V.72) for Y, and letting 
I = /  ( E x .  x. ---- ) -J- dc (V.84)0£j W 0 1 J 5
one will get
1 (V.85)log ID 01
Where the calculation and simplification of Iq ^ is given in Appendix B.
Multiplying the above equation by $ from equation (IV,92), one 
obtains:
q f’(l) + G e'(l) 
n  a (I ■ |i) I01 [ SeP- •° '-G-------- 2-] (V.86)
Therefore, using equation (V.86) for 0 Y, equation (V.85) can be 
written as:
J = (1 - p) In. [qoon f'(l) + G e ’(l) ] + G (J + J, + J,) +Ul * gen o o o 2 4
+ q (J, + Jn ) (V.87)gen o o
Also, from equation (V.80), let
D E N 0 = 6 G Y + G (J + + J,) + q (J, + JQ)o 2 4  gen o o (V.88)
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Therefore
D E N I “ D E N 0 + 8 I  G (V.89)oo
Thus, equation (V.87) can be written as:
D E N 0 - (I - u) I01 [qgen £;<l) + G e;<l> ] + G (Jo + + J4 > +
*  ’ gen (J 6 + V (V ' 90>
Also, D E N I  can be written as:
D E N I = D E N 0 - (1 - u) '
q f'(l) log a) + G e'(l) log cu. geo— °-------    2--- G j (v<91)•j oo
Therefore, the Nusselt numbers from equations (V.81) and (V.82) can be 
written in their final forms as:
TOi - (DE>„ ’ o T T T  « - ’gen (1 + 4 >  *' 'oo G 'ID
' " '’gen £o(1> * G ei( U  1 1 <V -92)
™ o  '  (DE)1 ' F e V o  'oo ' ’ gen £; (1> *  G a; ( 1 ) I  <V-93)
The Nusselt numbers for inner and outer walls were obtained by 
equations (V.92) and (V.93). The results of these equations have 
been tabulated in Tables 7 through 10 and then plotted versus core 
size in Figures 10 through 13.
Table 7. Nusselt Number for Various Heating Conditions, m  = 0.1
REĵ  - 2000, PR = 0.005, QGEN = 10' Btu/Hr-ft3 (966230 W/m3)
E L L IP T IC IT Y =  0 .1 0 0 0 0 OUTEB P IP E  FLATNESS (D /A ) = 0 .9 8 0 2 0
1------------
1 11 1
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NUSSI NU 1 
1
1 1
NUSSO NU 1 NUSSI NO 1 
1 1
1 1
NUSSO NU 1 NUSSI NU 1 
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5 .2 5 2 3 7 5  
5 .2 8 9 5 1 3  
5 .3 1 4 1 9 0  
5 .3 3 2 7 9 3
5 .3 4 8 1 6 9
5 .3 6 1 7 5 6
5 . 3 7 4 3 4 2
5 .3 8 6 3 8 8
5 .3 9 8 1 7 4
5 .4 0 9 8 7 7  
5 .4 2 1 6 1 0  
5 .4 3 3 4 4 6  
5 . 4 4 5 4 3 5  
5 .4 5 7 6 0 7
5 .4 6 9 9 8 0
5 .4 8 2 5 6 5
5 .4 9 5 3 6 8
5 .5 0 8 3 8 9
5 .5 2 1 6 2 7
5 .5 3 5 0 7 9
5 .5 4 8 7 3 9
5 .5 6 2 6 0 0
5 .5 7 6 6 5 8
5 .5 9 0 9 0 3
1
1 1 .1 4 4 4 5 4  1 
1 1 .5 3 0 7 9 9  1 
1 1 .2 8 2 7 0 3  1 
1 0 .8 7 3 8 2 8  1 
1 0 .4 5 0 6 1 3  1 
1
1 0 .0 5 8 1 8 6  1 
9 .7 0 7 4 4 0  1 
9 .3 9 7 7 2 6  1 
9 .1 2 4 8 6 2  1 
8 .8 8 3 9 8 5  1 
1
8 . 6 7 0 5 2 7  1 
8 .4 8 0 5 1 0  1 
8 . 3 1 0 5 5 9  1 
8 . 1 5 7 8 5 2  1 
. 8 . 0 2 0 0 2 9  1 
1
■ 7 .8 9 5 1 2 2  1 
7 . 7 8 1 4 8 0  1 
7 .6 7 7 7 1 2  1 
7 .5 8 2 6 4 1  1 
7 .4 9 5 2 6 5  1 
1
7 .4 1 4 7 2 7  1 
7 .3 4 0 2 9 1  1 
7 .2 7 1 3 2 3  1 
‘ 7 . 2 0 7 2 6 8  1 
7 .1 4 7 6 4 7  1 
1
6 .4 3 5 8 7 7
6 .5 9 1 1 7 7
6 .7 0 7 1 6 6
6 .8 0 5 1 1 9
6 .8 9 2 6 2 1
6 .9 7 3 2 2 7  
7 .0 4 8 8 7 2  
7 .  120722 
7 .  189542 
7 .2 5 5 8 6 1
7 .3 2 0 0 6 6
7 .3 8 2 4 5 1
7 .4 4 3 2 4 5
7 . 5 0 2 6 3 0
7 .5 6 0 7 5 7
7 .6 1 7 7 4 9
7 .6 7 3 7 1 2
7 .7 2 8 7 3 3
7 .7 8 2 8 9 0
7 .8 3 6 2 4 8
7 .8 8 8 8 6 5
7 .9 4 0 7 9 2
7 .9 9 2 0 7 4
8 .0 4 2 7 5 1
8 .0 9 2 8 5 8
1
1 8 .9 6 6 4 9 1  1 
1 9 .5 4 3 0 5 7  1 
19 .0 5 9 7 7 4  1 
1 8 .3 1 5 6 3 2  1 
1 7 .5 5 4 5 8 4  1 
1
1 6 .8 5 0 4 5 6  1 
1 6 .2 2 0 1 4 6  1 
1 5 .6 6 1 6 3 0  1 
1 5 .1 6 7 2 5 5  1 
1 4 .7 2 8 4 2 4  1 
1
1 4 .3 3 7 1 6 2  1 
1 3 .9 8 6 5 6 6  1 
1 3 .6 7 0 8 0 2  1 
1 3 .3 8 4 9 9 8  1 









1 2 .8 8 7 7  24 
12 .6 7 0 0 2 1  
1 2 .4 6 9 6 0 8  
1 2 .2 8 4 4 5 9  
1 2 .1 1 2 8 5 1
11 .9 5 3 3 1 1  
1 1 .8 0 4 5 7 0  I 
1 1 .6 6 5 5 3 2  1 
1 1 .5 3 5 2 4 6  1 
1 1 .4 1 2 8 8 1  1
4 .0 4 1 7 5 7  
4 .  113514 
4 .  159076 
4 .1 9 3 5 8 5  
4 .2 2 2 4 3 5
4 .2 4 8 0 7 7
4 .2 7 1 7 6 8
4 .2 9 4 2 1 0
4 .3 1 5 8 2 4
4 .3 3 6 8 7 1
4 .3 5 7 5 2 3
4 .3 7 7 8 9 6
4 .3 9 8 0 6 8
4 .4 1 8 0 9 8
4 .4 3 8 0 2 4
4 .4 5 7 8 7 6
4 .4 7 7 6 7 6
4 .4 9 7 4 3 9
4 .5 1 7 1 7 8
4 .5 3 6 9 0 0
4 .5 5 6 6 1 1
4 .5 7 6 3 1 7
4 .5 9 6 0 2 1
4 .6 1 5 7 2 4
4 .6 3 5 4 2 8
8 .6 8 1 5 3 7  1 
8 .8 6 4 4 8 6  1 
8 .5 6 4 9 7 7  1 
8 .1 5 6 6 2 9  1 
7 .7 5 1 1 8 6  1 
1
7 .3 8 0 8 2 7  1 
7 .0 5 1 5 8 5  1 
6 .7 6 1 1 1 0  1 
£ .5 0 4 7 7 2  1 
6 .2 7 7 7 6 0  1 
1
6 .0 7 5 7 4 7  1 
5 .8 9 5 0 3 2  1 
5 .7 3 2 5 2 2  1 
5 .5 8 5 6 5 4  1 
5 .4 5 2 2 9 3  1 
1
5 .3 3 0 6 6 3  1 
5 .2 1 9 2 7 9  1 
5 .1 1 6 8 9 5  1 
5 .0 2 2 4 5 4  




4 .8 5 3 9 3 7  1 
4 .7 7 8 4 3 3  1 
4 .7 0 7 9 7 6  1 
4 .6 4 2 0 7 0  1 
4 . 5 8 0 2 8 2  1 1
2 .4 3 3 0 7 5
2 .4 9 2 3 0 8
2 .5 3 4 2 6 2
2 .5 6 8 6 3 6
2 .5 9 8 9 9 8
2 .6 2 6 9 9 6 .
2 .6 5 3 4 8 9
2 .6 7 8 9 6 2
2 .7 0 3 7 0 8
2 . 7 2 7 9 1 4
2 .7 5 1 7 0 2
2 .7 7 5 1 5 9
2 .7 9 8 3 4 2
2 .8 2 1 2 9 7
2 .8 4 4 0 5 6
2 .8 6 6 6 4 2
2 .8 8 9 0 7 6
2 .9 1 1 3 7 2
2 .9 3 3 5 4 2
2 .9 5 5 5 9 5
2 .9 7 7 5 4 0
2 .9 9 9 3 8 3
3 .0 2 1 1 3 0
3 .0 4 2 7 8 5

































642533  1 




047522  1 
930870  1 
823931 1 
725555  1 






269143  1 
1
Table 7 (Continued)
e l l i p t i c i t x = 0 . 1 0 0 0 0 OUTEB PIPE FLATNESS (B/A) = 0.98020
1-
1 1 1 1 1 1
1
1
1 1 INSULATED 1 INSULATED 1 1 OUTER FLUX 1 INNER FLUX 1
1 CORE SIZE 1 INNER HALL 1 OUTER HALL 1 EQUAL HALL TEMP. 1 ---- -------- = -2 1 ----------- ------- ---  - 2 1
1 1 1 1 1 INNER FLUX 1 OUTER FLUX 1
1 iuncfeA 1
1 1 1 1 1 . 1 1 1 1 1
1 1 RUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI NU 1 NUSSO NU 1 NUSSI NU 1
1 1 1 1 1 1 1 1 1 1
1
1 0.60000 1 5 .605330 1 7 .092038 1 8 .142428 1 1 1.297706 1 4 .655134 1 4 .522235 1 3 .085833 1 6 .209837 1
1 0.62000 1 5 .619931 1 7 .0 4 0 0 6 7 1 8 . 191489 1 1 1 . 1890B0 1 4.674841 1 4 .467592 1 3 .107234 1 6 .154163 1
1 0 .64000 1 5 .634699 1 6 .991411 1 8.240068 1 11.086438 1 4.694551 1 4 .416062 1 3 .128556 1 6.101801 1
1 0.66000 1 5 .649626 1 6.945781 1 8 .288188 1 10.989277 1 4 .714263 1 4 .367380 1 3.149801 1 6 .0524  69 1
1 0.69000 1 5 .664706 1 6 .902913 1 8 .335872 1 10.897152 1 4 .733976 1 4 .321314 1 3. 170972 1 6 .005914 1
1 1 1 1 1 1 1 1 1 1
1 0 .70000 1 5.679931 1 6.862584 1 8 .383140 1 10.809656 1 4.753689 1 4 .277657 1 3 .192070 1 5 .961913 1
1 0.72000 1 5 .695296 1 6 .824586 1 8.430009 1 10.726444 1 4.773402 1 4.236224 1 3 .213097 1 5 .920257 1
1 0 .74  000 1 5 .710793 1 6 .7 8 8 7 3 5 1 8 .476497 1 10.647175 1 4.793114 1 4 .196845 1 3 .234055 1 5 .880773 1
1 0.76000 1 5 .7264  17 1 6 .754869 1 8 .522619 1 10.571576 1 4 .812825 1 4 .159371 1 3 .254944 1 5 .843295 1
1 0 .78000 I 5.742161 1 6 .722833 1 8.568391 1 10.499382 1 4 .832532 1 4.123666 1 3.275767 1 5 .807679 1
1 1 1 1 1 1 1 1 1 1
1 0 .80000 1 5.758020 1 6 .692490 1 8 .613825 1 10.430352 1 4 .852236 1 4 .089602 1 3 .296525 1 5 .773790 1
1 0 .82 0 0 0 1 5.773988 1 6 .663723 1 8 .658935 1 10.364272 1 4 .871935 1 4 .057073 1 3 .317218 1 5.741501 1
1 0 .84000 1 5 .790060 t 6 .636422 1 8.703731 1 10.300948 1 4.891628 1 4 .025974 1 3 .337847 1 5 .710712 1
1 0 .86000 1 5.806231 1 6 .610479 1 8.74B226 1 10.240200 1 -4.911315 1 3 .996212 1 3 .358415 1 5 .681319 1
1 0 .88000 1 5 .822497 1 6 .585810 1 8 .792429 1 10.181870 1 4 .930995 1 3 .967699 1 3 .378921 1 5 .6532  30 1
1 0.90000 1 5.838852 1 6 .562323 1 8.836351 1 10.125795 1 4 .950666 1 3 .940363 1 3 .399367 1 5 .626363
1
11 0.92000 1 5 . B55292 1 6 .539945 1 8 .880000 1 10.071853 1 4.970328 1. 3 .914127 1- 3 .419752 1 5 .600638 11 0.94000 1 5 .871815 1 6 .518604 1 8 .923390 1 10.019910 1 4.989981 1 3.888927 1 3 .440079 1 5 .575988 11 0.96000 1 5.888412 1 6 .498233 1 8 .966515 1 9 .969843 1 5 .009622 1 3 .864704 1 3 .460349 1 5-552351 11 0 .98000 I 5 .904395 1 6 .478029 1 9 .006207 1 9.918045 1 5 .029002 1 3 .841663 1 3 .480800 1 5 .529385 11
1-
1 1 1 1 1 1 1 1 1
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SUBSCRIPTS
0 : OUTER PIPE
i * INNER PIPE
I : INSULATED INNER WALL
2 : EqUAL WALL TEMPERATURE
3 : INSULATED OUTER WALL
4 1 EQU(DIRECTIONAL FLUXES, U0=-2U j
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Figure 10. Nusselt Numbers Versus Core Size, m = 0.1 
























Table 8. Nusselt Number for Various Heating Conditions, m = 0.4 _
REĵ  = 2000, PR - 0.005, QGEN = 107 Btu/Hr-ft3 (966230 W/m )
E L L IP T IC IT Y =  0 .4 0 0 0 0  OUTER P IP E  FLATNESS (B /A ) =  0 .7 2 4 1 4
 1
1 1 1  1 1 1
1 INSULATED 1 INSULATED 1 1 OUTEB FLUX 1 IKHEB FLUX 1
COHE SIZE 1 INNEB NALL 1 OUTER HALL 1 EQUAL HALL TEMP. 1    - 2  1    - 2  1

























NUSSO NO NUSSI NO
0 .4 0 0 0 5
1
1 4 .5 7 3 5 3 0
1
1 6 .7 8 9 6 4 8
1
1 5 .6 8 2 4 1 4
1
1 9 .0 2 4 2 3 6
1
1 4 .0 3 8 6 3 0 4 .9 7 4 6 8 8
1
1 2 .9 8 9 6 5 7 6 .2 2 2 1 3 0
0 .4 2 0 0 0 1 4 .6 3 6 6 4 4 1 6 .9 0 0 3 1 4 1 5 .7 5 1 2 0 3 1 9 .1 3 7 7 5 4 1 4 .  100661 5 .0 6 2 4 3 0 1 3 .0 4 4 7 6 3 6 .3 2 6 1 4 7
0 .4 4 0 0 0 1 4 .6 9 1 1 4 9 1 6 .9 5 4 6 B 6 1 5 .8 1 3 8 7 0 1 9 .1 8 3 3 0 9 1 4 .1 5 4 0 9 4 5 .1 0 4 3 7 8 1 3 .0 9 2 1 1 4 6 .3 7 6 7 9 8
0 .4 6 0 0 0 1 4 .7 4 0 2 3 3 1 6 .9 7 3 6 5 5 1 5 .8 7 3 9 4 5 1 9 . 1 8 8 4 5 7 1 4 .2 0 1 7 8 1 5 .1 1 6 2 6 1 1 3 .1 3 3 8 4 4 6 .3 9 3 3 9 4
0 .4 8 0 0 0 1
1
4 .7 8 5 5 8 8 1
1
1
6 .9 6 8 8 8 5 1
1
1
5 .9 3 3 1 4 1 1
1
1
9 .1 6 8 1 2 8 1
1
1
4 .2 4 5 2 8 6 5 .1 0 7 1 1 7 1
1
1
3 .  171185 6 .3 8 6 8 1 6
O.SOOOO
1
1 .4 .8 2 8 2 7 9 6 .9 4 8 1 2 2 5 .9 9 2 4 4 3 9 .1 3 1 9 7 9 4 .2 8 5 6 1 7 5 .0 8 3 1 0 3 3 .2 0 4 9 7 4 6 .3 6 4  343
0 .5 2 0 0 0 1 4 .8 6 9 0 1 6 1 6 .9 1 6 7 7 1 1 6 . 0 5 2 4 5 0 1 9 .0 8 6 5 4 1 1 4 .3 2 3 4 7 9 5 .0 4 8 6 2 4 1 3 .2 3 5 8 2 7 6 .3 3 1 0 9 3
0 .5 4  000 1 4 .9 0 8 2 9 6 1 6 .8 7 8 6 6 4 1 6 .  113528 1 9 .0 3 6 3 0 0 1 4 .3 5 9 3 7 8 5 .0 0 6 8 9 7 1 3 .2 6 4 2 1 9 6 .2 9 0 7 3 7
0 .5 6 0 0 0 1 4 .9 4 6 4 6 5 1 6 .8 3 6 5 5 8 1 6 .1 7 5 8 9 2 1 8 .9 8 4 3 4 2 1 4 .3 9 3 6 9 1 4 .9 6 0 2 8 9 1 3 .2 9 0 5 2 9 6 .2 4 5 9 1 6
0 .5 8 0 0 0 1
1
1
4 .9 8 3 7 7 2 1
1
1
6 . 7 9 2 4 1 1 1
1*
1
6 .2 3 9 6 5 6 1
1
1
8 .9 3 2 7 6 2 1
1
1
4 .4 2 6 7 0 3 4 .9 1 0 5 4 3 1
1
1
3 .3 1 5 0 6 4 6 .1 9 8 5 4 5
0 .6 0 0 0 0 5 .0 2 0 3 9 1 6 .7 4 7 6 1 9 6 .3 0 4 8 6 1 8 .8 8 2 9 6 2 4 .4 5 8 6 3 1 4 .8 5 8 9 6 3 3 .3 3 8 0 8 1 6 .1 5 0 0 0 0
0 .6 2 0 0 0 1 5 .0 5 6 4 4 4 1 6 .7 0 3 1 6 4 1 6 .3 7 1 4 9 9 1 8 .8 3 5 8 4 5 1 4 .4 8 9 6 4 2 4 .8 0 6 5 0 2 1 3 .3 5 9 7 9 5 6 .1 0 1 2 6 8
0 .6 4 0 0 0 1 5 .0 9 2 0 1 5 1 6 .6 5 9 7 2 4 1 6 .4 3 9 5 2 5 1 8 .7 9 1 9 5 4 1 4 .5 1 9 8 6 7 4 .7 5 3 8 6 7 1 3 .3 8 0 3 8 7 6 .0 5 3 0 4 7
0 .6 6 0 0 0 1 5 .1 2 7 1 6 2 1 6 .6 1 7 7 5 9 1 6 .5 0 8 8 6 9 1 8 .7 5 1 5 7 9 1 4 .5 4 9 4 0 7 4 .7 0 1 5 7 6 1 3 .4 0 0 0 1 4 6 .0 0 5 8 2 3
0 .6 8 0 0 0 1 5 .1 6 1 9 2 1 1 6 .5 7 7 5 6 5 1 6 .5 7 9 4 4 2 1 8 .7 1 4 8 4 0 1 4 .5 7 8 3 4 5 4 .6 5 0 0 0 5 1 3 .4 1 8 8 1 3 5 .9 5 9 9 2 2
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Table 8 (Continued). Nusselt Number for Various Heating Conditions, m = 0.4 ,
REX = 2000, PR = 0.005, = 107 Btu/Hr-ft3 (966230 W/m )1«
E L L IP T IC IT T = O.aOOOO OUTEB P IP E  FLATNESS (B /A )  = 0 .7 2 4 1 4
1 1 1 1
1
1
1 INSULATED INSULATED 1 . 1 OUTEB FLUX 1 INNEB FLUX 1
: o f e  SIZE 1 INNEB HALL OUTEB HALL 1 EQUAL HALL TEHP. 1 ------ ----- =  - 2 1 ------ ---- = - 2 1
1 1 1 INNEB FLUX 1 OUTEB FLUX 1
o m p c i i 1Ull LbA
1 1 1 1 1 1 1 1
1 NUSSO HU NUSSI NO 1 NUSSO NO 1 NUSSI HU 1 NUSSO NU 1 NUSSI NU 1 NUSSO NO 1 NUSSI NU 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
0 .7 0 0 0 0 1 5 .  196312 6 .5 3 9 3 1 0 1 6 .6 5 1 1 4 4 1 8 .6 8 1 7 2 4 1 4 .6 D 67 44 1 4 .5 9 9 4 2 2 1 3 .4 3 6 9 0 1 1 5 .9 1 5 5 6 1 1
0 .7 2 0 0 0 1 5 .2 3 0 3 4 8 6 .5 0  3094 1 6 .7 2 3 8 6 4 1 8 .6 5 2 1 2 9 1 4 .6 3 4 6 5 5 1 4 .5 5 0 0 1 8 1 3 .4 5 4 3 8 1 1 S . 8728 70 1
0 .7 4 0 0 0 1 5 .2 6 4 0 3 2 6 .4 6 8 9 4 4 1 6 .7 9 7 4 8 7 1 8 .6 2 5 9 0 2 1 4 .6 6 2 1 2 2 1 4 .5 0 1 9 2 0 1 3 .4 7 1 3 4 2 1 5 .8 3 1 9 0 9 1
0 .7 6 0 0 0 1 5 .2 9 7 3 6 1 6 .4 3 6 8 4 1 1 6 .8 7 1 8 9 7 1 6 .6 0 2 8  39 1 4 .6 8 9 1 7 7 1 4 .4 5 5 2 1 2 1 3 .4 8 7 8 6 3 1 5 .  7927C7 1
0 .7 0 0 0 0 1 5 . 3 3 0 3 3 2 6 .4 0 6 7 3 8 1 6 .9 4 6 9 7 4 1 8 .5 8 2 7 3 3 1 4 .7 1 5 8 4 9 1 4 .4 0 9 9 4 1 1 3 .5 0 4 0 1 5 1 5 .7 5 5 2 5 0 1
1 1 1 1 1 1 1 1
0 .8 0 0 0 0 1 5 . 3 6 2 9 3 7 6 .3 7 8 5 6 1 1 7 .0 2 2 6 0 2 1 8 .5 6 5 3 5 1 1 4 .7 4 2 1 6 1 1 4 .3 6 6 1 2 8 1 3 .5 1 9 8 5 8 1 5 .7 1 9 5 0 4 1
0 .8 2 0 0 0 1 5 .3 9 5 1 6 9 6 .3 5 2 2 3 4 1 7 .0 9 8 6 6 4 1 8 .5 5 0 4 6 1 1 4 .7 6 8 1 3 3 1 4 .3 2 3 7 7 7 1 3 .5 3 5 4 4 4 1 5 .6 8 5 4 1 9 1
0 .8 4 0 0 0 1 5 .4 2 7 0 2 1 6 .3 2 7 6 6 1 1 7 .1 7 5 0 5 0 1 8 .5 3 7 8 3 5 1 4 .7 9 3 7 8 2 1 4 .2 8 2 8 7 6 1 3 .5 5 0 0 2 3 1 5 .6 5 2 9 3 7 1
0 .8 6 0 0 0 1 5 .4 5 8 4 8 6 6 .3 0 4 7 4 8 1 7 .2 5 1 6 5 0 1 8 .5 2 7 2 5 0 1 4 .8 1 9 1 2 3 1 4 .2 4 3 4 0 2 1 3 .5 6 6 0 3 3 1 5 .6 2 1 9 9 2 1
0 .8 8 0 0 0 1 5 .4 8 9 5 5 7 6 .2 8 3 3 9 5 1 7 .3 2 8 3 6 3 1 8 .5 1 8 4 9 0 1 4 .8 4 4 1 6 9 1 4 .2 0 S 3 2 S 1 3 .5 8 1 1 1 2 1 5 .5 9 2 5 0 7 1
1 1 1 1 1 1 1 1
0 .9 0 0 0 0 1 5 .5 2 0 2 2 9 6 .2 6 3 5 0 6 1 7 .4 0 5 0 8 9 1 8 .5 1 1 3 4 7 1 4 .8 6 8 9 3 1 1 4 .1 6 8 6 1 0 1 3 .5 9 6 0 9 0 1 5 .5 6 4 4 1 8 1
0 .9 2 0 0 0 1 5 .5 5 0 4 9 9 6 .2 4 4 9 7 9 1 7 .4 8 1 7 3 6 1 8 .5 0 5 6 4 0 1 4 .8 9 3 4 2 2 1 4 .1 3 3 2 1 4 1 3 .6 1 0 9 9 6 1 5 .5 3 7 6 4 8 1
0 .9 4 0 0 0 1 5 .5 8 0 3 6 3 6 .2 2 7 7 2 9 1 7 .5 5 8 2 1 6 1 8 .5 0 1 1 7 4 1 4 . 9  17650 1 4 .0 9 9 0 9 8 1 3 .6 2 5 8 5 3 1 5 .5 1 2 1 3 0 1
0 .9 6 0 0 0 1 5 .6 0 9 8 1 9 6 . 2 1 1 6 6 0 1 7 .6 3 4 4 3 5 1 8 .4 9 7 7 8 1 1 4 .9 4  1624 1 4 .0 6 6 2 1 8 1 3 .6 4 0 6 8 2 1 5 .4 8 7 7 8 9 1
0 .9 8 0 0 0 1 5 .6 3 8 7 6 1 6 .1 9 6 5 7 5 1 7 .7 0 9 9 2 8 1 8 .4 9 4 8 7 0 1 4 .9 6 5 3 1 2 1 4 .0 3 4 5 8 1 1 3 .6 5 5 5 4 5 1 5 .4 6 4 5 1 2 1
1 1 1 1 1 1 1 1
SUBSCRIPTS
0 :  OUTER PIPE  
i *. INNER PIPE 
I : INSULATED INNER W ALL  
2 :  EQUAL WALL TEM PERATURE  
3 :  INSULATED OUTER W ALL  
4 :  EQUIDIRECTIONAL FLUXES, U0= -2 U  
5 :  EQUIDIRECTIONAL FLUXES, U, * - 2 U
Figure 1 1 . 
REl = 2000,
6ZTTo 
CORE S IZE - OMEGA
Nusselt Numbers Ver*,,* ^ .
FF -  0 .00 5 ,  Q = 1Q7 ° r e  S l z e j m = 0 .4''era 1»7 Btu/llr-ftJ (,66230 W m 3 f
Table 9. Nusselt Number for Various Heating Conditions, m = 0.7 ,
REl = 2000, PR = 0.005, Qg e n  = 107 Btu/Hr-ft3 (966230 W/ra )
E L L IP T IC IT Y =  0 .7 0 0 0 0 OUTEH P IPE FLATNESS (B /A )  = 0 .3 4 2 2 0
1------------1 1
1 1









1  —     - -
1 1
t 0 .7 0 0 0 5  1
1 0 .7 2 0 0 0  1
1 0 .7 4 0 0 0  1
1 0 .7 6 0 0 0  1




1 0 .B U 000  1
1 0 .8 6 0 0 0  1
1 0 .8 8 0 0 0  t
1 1
1 0 .9 0 0 0 0  1
1 0 .9 2 0 0 0  1
1 0 .9 4 0 0 0  1
1 0 .9 6 0 0 0  1
1 0 .9 0 0 0 0  1
1 1!-----------
4 .9 4 0 1 6 5
4 .9 6 1 0 7 1
4 .9 7 9 4 4 1
4 .9 9 6 6 9 7
5 .0 1 3 5 6 5
5 .0 3 0 4 9 0
5.047765
5 .0 6 5 5 8 3
5 .0 8 4 0 7 0
5 .1 0 3 3 0 3
5 .1 2 3 3 2 4  
5 .1 4 4 1 5 0  
5 .1 6 5 7 7 7  
5 .1 8 8 1 8 5  
5 .2 1 1 3 7 3
1
INSULATED 1 






OUTER FLUX------------1------------------------- 1------------------------- 1-------------------------
NUSSI NU NUSSO NU RUS5X NU 1 
1
1
6 .1 0 7 2 3 9  1 
6 .1 2 3 3 6 3  1 
6 . 1 2 1 0 2 7  1 
6 .1 0 6 7 9 1  1 
6 .0 0 4 3 1 0  1 
1
6 .0 5 6 1 0 0  1 
6 .0 2 4 0 0 7  1 
5 .9 8 9 4 2 0  1 
5 .9 5 3 4 1 2  1 
5 .9 1 6 8 0 6  1, 
1
5 . 8 8 0 2 2 6  1 
5 .8 4 4 1 6 8  1 
5 .6 0 8 9 8 8  1 
5 .7 7 4 9 7 0  1 
5 .7 4 2 3 4 0  1 
1
5 .2 7 4 0 9 2
5 .2 8 8 9 7 1
5 .3 0 3 5 3 7
5 .3 1 9 2 1 3
5 .3 3 6 6 6 9
5 .3 5 6 2 8 5
5 .3 7 8 2 8 8
5 .4 0 2 8 0 8
5 .4 2 9 9 1 2
5 .4 5 9 6 2 4
5 .4 9 1 9 3 2
5 .5 2 6 8 0 5
5 .5 6 4 1 9 1
5 .6 0 4 0 3 1
5 .6 4 6 3 1 5
1 1
NUSSO NU 1 NUSSI NO 1 
1 1
1
6 .5 3 9 5 9 6  1 
6 .5 4 7 0 3 8  1 
6 .5 3 7 6 6 3  1 
6 .5 1 8 3 9 2  1 
6 .4 9 2 9 8 0  1 
1
6 .4 6 3 9 3 8  1 
6 .4 3 3 0 6 4  1 
6 .4 0 1 6 7 5  1 
6 .3 7 0 7 4 6  1 
6 .3 4 0 9 9 5  1 
1
6 .3 1 2 9 5 4  1 
6 .2 8 7 0 0 0  1 
6 .2 6 3 4 0 1  1 
6 .2 4 2 3 2 5  1 
6 .2 2 3 9 5 0  1 
1
4 .7 0 1 6 2 7
4 .8 0 5 1 4 3
4 .8 2 5 2 5 8
4 .8 4 3 3 7 1
4 .0 6 0 2 2 2
4 .8 7 6 2 8 5
4 .8 9 1 0 8 2
4 .9 0 7 2 4 1
4 .9 2 2 5 2 5
4 .9 3 7 8 5 1
4 .9 5 3 3 0 0  
4 . 9  68927 
4 .9 8 4 7 7 0  
5 .0 0 0 8 4 8  
5 .0 1 7 1 8 4
5 .4 2 2 6 3 0  1 
5 .4 4 9 6 0 2  1 
5 .4 5 6 0 5 6  
5 .4 4 7 9 1 9  
5 .4 2 8 6 4 1
5 .4 0 0 6 9 6  
5 .3 6 5 9 7 5  
5 .3 2 5 9 6 8  
5.2aiaaa 
5 .2 3 4 7 1 3  1 
1
5 .1 8 5 2 4 5  1 
5 .1 3 4 1 4 7  1 
5 . OB 1961 1 
5 .0 2 9 1 3 3  1 
4 .9 7 6 0 1 2  1 
1
NUSSO NU
4 .3 6 1 7 0 2  
4 .3 9 1 1 0 3  
4 .4 1 5 1 2 7  
4 .4 3 5 0 9 0  
4 .4 5 1 7 4 5
4 .4 6 5 6 1 6  
4 .4 7 7 1 0 0  
4 .4 8 6 5 1 5  
4 .4 9 4 1 2 6  
4 .5 0 0 1 5 7
4 .5 0 4 8 0 5
4 .5 0 8 2 4 1
4 .5 1 0 6 1 9
4 .5 1 2 0 7 6
4 .5 1 2 7 1 8
NUSSI NU
5 .9 2 0 3 7 7
5 .9 3 9 7 7 3
5 .9 4 0 0 3 8
5 .9 2 7 5 6 9
5 .9 0 5 9 8 1
5 .8 7 7 7 7 6
5 .8 4 4 8 1 7
5 .8 0 8 5 3 0
5 .7 7 0 0 1 6
5 .7 3 0 1 4 3
5 . 6 8 9 5 e i  
5. 648865 
5 .6 0 8 4 0 3  
5 .5 6 8 5 1 3  































0 : OUTER PIPE
i t INNER PIPE
I : INSULATED INNER WALL
2 : EQUAL WALL TEMPERATURE
3 :  INSULATED OUTER WALL
4: EQUIDIRECTIONAL FLUXES, U0=-2U j
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Figure 12. Nusselt Numbers Versus Core Size, m = 0.7 
REl = 2000, PR = 0.005, QGE(J = 10? Btu/Hr-ft3 (966230 W/m3) 123
Table 10. Nusselt Number for Various Heating Conditions t m = 0.98 ~
REl  = 2000, PR = 0.005, QGEN = 10? Btu/Hr-ft3 (966230 W/m )
E L L IP T IC IT Y = 0 .9 8 0 0 0  ODTBB P IPE  FLATNESS (B /A )  = 0 .0 2 0 2 0
1 1 1 1
1 INSULATED 1 INSULATED 1 OOTEB FLUX 1 INNEB FLUX
1 COBE SIZE 1 INNEB HALL 1 OUTEB HALL 1 EQUAL HALL TENP. 1 ------- ----- -- _2 1 ------- ----- = - 2  1
1 1 1 INNEB FLOX 1 OUTEB FLUX
1 ONEGA i.1
1 1 1 1 1 1 1
1 NOSSO NO 1 NUSSI NO 1 NOSSO NU 1 NUSSI NO 1 NUSSO NU 1 NUSSI NO 1 NOSSO NO 1 NUSSI NU 1
1 1 1 1 r 1 1 1
1 1 1 1 1 1 1
1 0 .9 8 0 0 S 1 5 .5 7 6 0 6 9 1 6 . 0 8 9 2 6 2 1 5 .7 4 0 7 5 2 1 6 .2 6 9 1 2 8  1 5 .4 9 7 2 0 9 1 5 .7 5 8 8 5 7 1 5 .2 7 3 4 6 8 1 6 .0 0 3 1 5 7  1
1 0 .9 8 2 0 0 1 5 .5 7 6 1 3 6 1 6 .0 8 9 2 4 6 1 5 .7 4 0 7 7 1 1 6 .2 6 9 0 5 2  1 5 .4 9 7 2 9 8 1 5 .7 5 8 9 3 4 1 5 .2 7 3 6 1 7 1 6 .0 0 3 1 6 4  1
1 0.98*100 1 5 .5 7 6 1 8 9 1 6 .0 8 9 0 5 1 1 5 .7 4 0 8 0 6 1 6 .2 6 8 8 3 9  1 5 .4 9 7 3 5 3 1 5 .7 5 8 7 7 9 1 S . 273689 1 6 .0 0 2 9 8 4  1
1 0 .9 9 5 0 0 1 5 .5 9 2 7 0 9 1 6 .1 0 3 6 7 0 1 5 .7 7 6 3 5 8 1 6 .3 0 4 1 1 0  1 5 .5 0 5 1 8 9 1 5 .7 3 8 7 6 3 1 5 .2 5 8 3 2 9 1 6 .0 0 8 1 6 1  1
1 1 1 1 1 1 1
SUBSCRIPTS
0 :  OUTER PIPE
i *• INNER PIPE
Is  INSULATED INNER WALL
2 :  EQJJAL W ALL TEMPERATURE
3 :  INSULATED OUTER WALL
4-- EQUIDIRECTIONAL FLUXES, U0« -2 U
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rrgure 13. Nusselt Numbers Versus Core Size, m = 0.98 
REl  = 2000, PR = 0.005, QGEN = i q 7 Btu/Hr-ft^ (966230 W/ra3) 126
127
Some Special Selected Values for u
1. For Insulated Inner Wall; Equation (IV.92) simplifies to:
- q C1 ~ -  ) (1 + \ )  + I G 
p = --------2 - ---------------------------------------------------------------------------(V . 94 )
q f'(l) + G e!(l)ngen o o
2. Equal Wall Temperatures: p ■ 1 (V.95)
3. Insulated Outer Wall: p = 0 (V.96)
4. For Equidirectional Heat Fluxes: Equation (IV,95) reduces to:
- q (1 ~? — ) (1 + S-) + I G gen 2 2 oo
p = 2 ---------------------------------------- 2-------------------  ( V . 9 7 )
q o m  f'(l) + G e ’(l) gen o o
when X = 2.
The above equation indicates that outer flux is twice 
as large as inner flux.
5. When X - 1:
- q ( i - ^ )  (1 + + Ggen 2 Z oo
p  ----------------------------------------------2-------------------  ( V . 98 )
q f'(l) + G e'(l)^gen o o
Also, the above equation indicates that outer flux is
twice as large as inner flux.
Chapter VI 
CONCLUSIONS
Convective heat transfer in the annulus of two confocal elliptic 
pipes is analyzed and the results are presented in analytical closed 
form.
Equations (V.92) and (V.93) show that the Nusselt numbers depend 
on five independent parameters, namely: the magnitude of heat
generation, the ellipticity of the pipe (the core size), the Reynolds 
number and the Prandtl number, and the wall temperature gradient.
Nusselt numbers in equations (V.92) and (V.93) are plotted versus 
the core size of pipe, w, for values of Prandtl number (PR = 0.005), 
Reynolds number (RE. ■ 2000), temperature gradient along the wallid »
3TC = — ® 1000°F = (538®C), and the magnitude of heat generation of 3z
7 3 3^GEN = ^  Btu/Hr-ft (966230 W/m ) for various heating combinations
as defined in Figure 2. The values of the Prandtl number, temperature
gradient and the magnitude of heat generation are for nuclear coolant
(liquid sodium) which has the widest application in nuclear engineering.
The Nusselt numbers are plotted versus the core size of pipes, w, 
for constant Reynolds numbers, constant Prandtl number, and constant 
heat generation but with various ellipticities (m = 0 to m = 0.98).
These are presented in Figures 10 through 13. It can be observed from 
Figure 10 that the Nusselt numbers for inner pipe initially increase 
from core size of u> = 0.1 to 0.18 and then decrease gradually as 
ellipticity increases. This small increase has happened in almost 
every figure. One can conclude that some optimum heat transfer 
properties exist. For some engineering applications (design of heat
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exchanger in narrow spaces), these optima may be useful.
The Nusselt numbers for outer pipe will decrease gradually as 
ellipticity increases.
For the case of no heat generation and ellipticity of m * 0, 
equations (V.92) and (V.93) reduce to equations (V.25) and (V.27) for 
concentric circular pipes. They also reduce to equation (5.20) of 
reference [2]. Comparison of Figures 4 and 5 for concentric circular 
pipes without and with heat generation indicates that there are big 
changes in the values of the Nusselt number. For instance in Figure 5 
the outside Nusselt number for equal wall temperature starts from 
7.9039 for ellipticity of m = 0 to Nusselt number of 9.0139 for 
ellipticity of m = 0.98, whereas in Figure 4 the outside Nusselt 
number for equal wall temperature starts from 5.00 to 8.233 for the 
same ellipticities. This change in Nusselt number is the indication 
of the effect of the uniform heat generation for the case of inner
f
pipe. The same result can also be obtained from Figures 4 and 5. Xt 
can be observed that for small value of core size the inner Nusselt 
number for possible heating combinations goes to infinity.
For the case of no heat generation and ellipticity of m * 0.1 to
0.98, equations (V.92) and (V.93) reduce to equation (5.20) of 
reference (2]. The results obtained in this manner also compared 
well with Tables 2 and 3 of reference [2]. Also the comparison of 
Figures 5 through 9, for elliptic pipes with no heat generation, with 
Figures 10 through 13, for elliptic pipes with heat generation, 
indicates that the Nusselt numbers for both inner and outer pipes have 
increased. This increase is the indication of the effect of heat 
generation.
RECOMMENDATIONS
This research can be extended to the case of varying heat 
generation rather than uniform heat generation. For six different 
cases, the temperature field for flow in a circular annulus with 
variable heat generation has already been done (reference [9]). The 
analytical and graphical results were presented for six arbitrary but 
physically meaningful functionals of 9gen(r )> i*e * parabolic, 
linearly decreasing or increasing, combination of heat generation 
and no heat generation. The result of this dissertation can be used 
to find the heat transfer with varying heat generation, whereas the 
temperature distribution is given by [9].
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CALCULATION OF J 
CONCENTRIC CIRCULAR PIPES
From equation (V.9) for J:
J * /  [ (l - r2) - (1 - »2) J [ e. + i  qoi log u> -in log a) 4 ngen
(1 - r2 + ^  log r) + G ( - -£• - y^ ^  log r - y^- ^  oi2 log r +
1 2 1 2 1 2 1 4 1  1 2+ £  Ct r log r - ^  Cj r + j  r - yg- r - 4 ^ + 3- ^  log r)
r dr (A.l)
J = { e. r r - e. r3 !~0^ r + i  q (r - r3 + C. r log r - in log ai m  log o) 4 gen 1
- r3 + r5 - ^  r3 log r) + G ( ~ Y 6 r + 7 6 r3 “ f 6,ci r loS r +
3 3 3 2 3 2 3+ yg- C^ r log r - yg- C^ oi r log r + yg- C^ 01 r log r -
1 P ,5 , 1 „• 3 , 1 r  3 1 -  5 1 3
4 1 8 4 1 S 4 1 4 1 4 "
1 5  1 5 1 7 1 -  1 _ 3 1 _ 2  .
" 4 r - 16 r + 16 r “ 4 C1 r + 4 C1 r + 4 C1 r log r '
1 „ 2 3 , \ ,, 2V log2 r 1 /, 2n
“ 4 1  r l0g r) ' U  " w ) ein 7 2  r “ 4 (1 - “ > ̂gen *log 01 6
. (r j U J U  - r3 1 ^ .  * c, r issli) - Cl - „2) G ( - L- r •log 01 log oi 1 log 01 16
log r 3 „ log2 r 3 „ 2 log2 r 1 „ log r .• ■=— 2 r T  Gi r t—   t t  C, oi r 7— = t t  C- r 7— ®—  +log oi 16 1 log oi 16 1 log oi 16 1 log 01
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. 1 r 2 . log2 r _ 1_ 5 log r 1 _ 3 log2 r _
4 1 log to 16 log ui 4 1 log ti>
- j C .  r3 ) } dr (A.2)4 1 log u
From reference [10]:
m+1 .
/xm lnx dx = x ■■■ -j' ( l n x  — (A.3)x + 1 m + 1
x2 1/x lnx dx = —  (lnx - y) (A.4)
m+1 , n _ .
/x lnnx dx = —---— y~—  r- /xm In x dx (A. 5)m + 1 m + 1
n n , . n+1. In x dx In x , K *
S  -------- = — — -j—  (A.6)x n + 1
Using the above equations in equation (A.2) and integrating, one gets:
t r 6in r2 (. lv ein r i * l a. *
log ai 2 (log r “ 2} " log to [ 4 8 r " 4 4 J 4 qgen
2 4 2 - 4 6 4
* I f —  + G1 T “ (log r '  2° '  f “  + 1“  ~ C1 [ TT  l0g r '
1 r4  , . „ , 3 2 ^ 3  3 „ r 2 ,, lw  1 .
■ * r  [ 1 * G ( - 32 r *16 4"‘ 16 C1 T tl0S r ' 2> * 16 C1 •
4 4 2r r i 1 r , 3 „ 2 r r , 1 i ^ 3 „ 2• [ J -  log r - J  J -  I - -J5 Ct » T [ log c - y  ] * y j  CL m ■
, r4 , 1 1 4 , ^ 1  1 4  1 1 6 1  1 6 ^
• t J -  l0« r - 4 ' I  r 1 * 4 ’ 4 r - 4 ' 6 r " lF ' ¥  r *
* W ' ? ' 8 - ? C1 • # * 7 C1 - ^ * ? C1 I r - d o g r - i )  ] -
1 1 1 I 1 0
* k C1 X- *  x °1 • f -  - r  C1 1 v  < l° s r - ' * i °i ~ •
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2s 6 in. (log r - j) - i  Ct2 [ J -  log r - yg- r4 ] ) - (1 - wA)
log u
• [ f -  log2 r - f -  (log r - i) 1 - i  (1 - «2) ,g m  [ yjfj-y •
• (log r - i) - (log r - i) + [ f -  log2 r - | -  ■
(log r - y )  1 ] “ ( l - w ) G ( - y y  21og o ^log r - 2"7 ” 1 6  C1
2 2 0 1 r r ,._2 . r „  Is , 3 „ 2 1 r
log oi 2 S r ” 2 (log r ‘ 2} ' " 16 1 “ log u>
r
2
• log2 r - f -  (log r - i) ] ♦ £  • yji-j i f -  (log r - -
6 2 
■ 16 ' u K  1 I "  (l°8 r ' J> 1 ' 7  ci f -  (1°« 1 ' T> + 7  V
• _ L _  . [ log2 r . | _  <log t . 1, , + 1 Ci _ 1_  ( *_ !og: r -
- T  [ f -  (log r - i) ] ] - i  C4 "I C H  1 I "  (1°8 ' - ? > ] >  <A '7 >
. e. 2 3 m  <u 2 e. 4 4 e. ._ — - m  w _  _ &!__ in r
16 log b) 2 ein 4 log a» 4 ein 16 log ai ^gen 24
2 4 3 2 1 2 6 4
_ 64 C1 ' C1 1“ log “ + 16 C1 u ’ 14 + C1 16 log “8 + 8
I  r  4 l ^ p r 11 , 3 2 7 4 131 P . 3 _ 2
64 C1 u 1 + G 1 ' 384 32 u " 64 “ ~ 2304 1 32 C1 w
* lo8 “ “ cx log <0 “ -jig c! w4 “ 1I 2 C 1 “6 108 “ +
29 2 3 2
+ ill C1 “ ‘ I 4 C1 2304 -1
85 r 6 5 6 1 8 1 - 2 2
C’ “ + 96 w " 128 w * 8 C1 u
1 2 2 1  2 4  1 2 4
log U , + 'J6C1 “ + 'i6'ci u 1°S “ _ 64 Ci u  ̂ ”
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r 1 2 . 1  4 A i.
1 "  2 “ ein 2 W  ein 4 : 2 . .  4 ” , 2 .. T 2
1 ®in 1 .2 ein . 1 ..2— -r- tl> ■■■ _---  + —  10 e .mlog oi log oi
, 2 e. 4 e. -__________  1 _ m  oi in _ r 1
log oi 2  01 ein log oi 4 . 2 4 . 2  ^gen 1° ° log oi log oi ®
1 1 4- oi e . 6
i i ^ 2 4 .  2 .  4 . .1 oi _ oj_ + jo_ + 1_ oi _ 1_ oi 1_  1
log oi 16 log oi 8 8 16 log oi 16 log oi 64 log oi
2 4 6 .01 0) 01 1___________  Oi4 1_ 016 _ 1. r 2 1
. 64 log oi + 16 16 64 log oi 64 log oi 8 1 11 °S 01
2
. 1 „ 4 , . 1  C1 l Cl “ 1 „ 2 1 „ 4+ ■g- oi log oi + j g  , - —  ; _ _ + ~  C, oi - ^  C, oi -log oi 16 log oi 8 1
1 3
8 “1
_ 1 C1 U + 1 C1 10 i _ G r 3 _ ____________________ _
16 log oi 16 log oi 64 log oi 64 log oi T 32
oi 3 2+ •=■=■ oi -
3 4 3 oi2 . 3 o>4 . 3 „ 2 , ‘ 3 „ 4 ,
“ 3 2 “ ' 64 V S T * *  6 4 l ^  + 32 C1 “ log “ “ 32 C! “ log “ "
3 C1 3 C1 u 2  3_ 2 3 4 . 3 _  oi2
64 log oi 64 log oi 32 1 “ 32 1 m 64 ^1 log u
3  „  oi4 3 „ 4 , 3 „ 6 , 3 oi2 .- -27* C. ,----- + -7r=- C. oi log oi - —  C. oi log oi - 7 7  C. ■=----- +64 1 log 01 32 1 6 32 1 s 64 1 log 01
oi4 3 r 4 3 _ 6  3 _  oi4 3 _
64 V1 log 01 " 32 C1 “ 32 h  “ 64 1 log 01 ~ 64 C1 log oi+ 7-r C
__________________oi2 1 4 1_ 6 . 1  oi4 1 oi6
16 log 01 T 16 log 11 16 M 16 111 64 log oi 64 log oi1 1 + 1
1 . 1 _ _ 1_  oi2 1 6 _ 1_  8 1 oi6 _ 1_  oi8
576 log oi 576 log oi 96 w 96 u 576 log oi 576 log 01
+ 16 C1 ‘ 16 C1 “2 + i  C1 *  log “ ~ J  Cl “4 108 “ " 16 C1 “2 +8
+ 16 C1 u - -  C
2 2 2 4
_ i _  r  2 “16 1 log oi
1 „ 2 2 1 _ 2 4  1 - 2 2 1
+  -S-C. 01 - q- C. 01 - t t C .  oi - -----8 1 8 1 16 1 log 0)
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+ T T   ̂ T ~  Tft'  Ci 1° 8 u + Tfi  G1 u + TTa 1—  -----16 1 log a) 16 1 e 16 1 ® 128 log ui
2 41 oi 1 4 1 6 1 to
“ 128 C1 "log ' u + 32 C1 w “ 32 C1 W “ 128 C1 log to +
+ ^  C —  + -L-  C.  rr-^ \ r  C.  -f—52—  + — • CL to4 - CL to6 -128 1 log to 64 1 log to 64 1 log to 16 1 16 1
- ± r C “4 + 4r-C,64 1 log to 64 1 log to (A.8 )
In the previous equation, let:
a e * mf » fi • i e. , „ e.T _ 3 m  L 7 4 in 1 m  . 1 2 inJ = “ — r  T— .... + r r  10       + -rr 10o 16 log u 16 log to 4 - 2  2 , 2
°  log to log to
1 4 ein 1 2 ein 1 4  , L- 7 - 1 0  o -r (j)  ------- 7- io e. (A.9)4 , 2  2 log oi 4 j,nlog to &
J2 a h  -  r + 16 “4 - h  C1 - i  C1 “2 log - + 16 C1 - I s +
. 1 „ 4 , 9 „ 4 3 1 . 7  to2 5 to4 .+ r r  C, to log to - -rr C, to - 77- 7-----  + -77--7--------7 7  7----- +16 1 64 1 64 log to 64 log to 64 log to
2 41 6 i C, to - C, to . C,
• 1 " 1 1  *  3 ,  „ i _ _  + J ,  ^  (A_10)64 log to 4 log to 16 log to 16 log to
11 1 4 35 _ ^ 17 _ 4 , 4 5 . 4
4 ' 384 " 64 “ ' 36 C1 + 64 C1 “ log u " 256 C1 “ +
4. 5 r 6 , ^ . _ 8 5 r 2 3 - 2  85 _ 6 1 6 ^
192 C1 “ 108 “ 256 1 “ " 64 C1 " 2304 ^1 " ' 48 “
. 1  8 1 „ 2 2 1 „ 2 4 , 7 „ 2 4 . 1 1
384 u " I 6 C1 “ “ 1 6 C1 “ ® u 64 1 “ + 72 I S T J  *
19 to2 1 to4 3 C1 3 - to2 3 to4
576 log to 16 log to 128 log to 128 1 log to 128 1 log to
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3 r 4 1 ^  5  n  U6 , 5 U)6 1 2 ,
“ 32 1 “ 8 “ 128 1 log (1) 288 log u “ 8 1 " 8 “ “
‘ c,! ^ - 4 c , ! .! 4 - - 4 c , 2 .4 t J - - 4 c  “616 1 log u 8 1 log to 16 1 log to 64 1 log to
(A.11)
Therefore, using equations (A.9), (A.10), and (A.11) for J , and
J^, equation (A.8 ) can be written as:
J = Jo + ^GEN J2 + G J4 - (A'12)
Appendix B
CALCULATION OF J 
CONFOCAL ELLIPTIC PIPES
Calculation of 1^^
Substituting equation (11.90) for Eq into equation (V.84), one gets
4 '
!0i =* (1 + m ) x12 - - ^ x13 - x14 + CL x112 (B.l)
1 + w
where
X13 = \  ^  ” u2  ̂ l0g U CB.2>
i g i g /
X14 “ " 16 (1 ~ } (1 ~ ̂ 4 ) - -4 (1 - ĝ-) w log a (B.3)
<U 01
ci xii2 = " t  (1 - “2> ( 1 " (1 + ^  0)2 + i  a  " “2)0) OJ
• (1 + ^ )  Ct + J  (1• - U)2) (1 - ^ )  (1 - s£) W2 log (0
u » u (B>4)
Substituting equations (II.101), (B.2), (B.3) and (B.4) into 
equation (B.l), one gets the final form of equation 1 ^ :
*01 = A01 + B01 C1 + D01 log “ (B<5)
where
8 W





B01 - 7  (1 - »2 ) U  * 4 >0)
„ _ 1 / 1  mBN 4 1 - oi2 4 Dqi 4 (1 g) « 2 m
10 1 + 0)
(B.7)
(B.8 )
The Limiting Case of m ■* to 1 
Equation (B.5) reduces to:
Aoi - 0 (B.9)
Boi - 0 (B.10)
o o I-* I
I o (B.ll)
* 0 1 - ° (B.12)
Calculation of Jo
Substituting E ^  from equation (ill.59) into equation (III.48) for
eQ , one gets:
®o “ e01 + ®02 + *03 + e04 + *05 (B.13)
Substituting the above equation into equation (B.13), Jq becomes:
Jo " J01 + J02 + J03 + J04 + J05 (B.14)
where
J01 = r  (1 + ”4) [ (1 + "4) ho * C1 xoi - x02 1 <B-15)
Jo2 ’ - r ”4 (Io o - - ^ r  W  (B-16)1 + 0 1
J03 * ?  1 (l + V  “2 °1 X01 ' °1 X012 1 (B'17)0)
where in the above equations Iq  ̂ is given by equation (B.5), and:
, „ 4
X02 " d  + m  ̂x22 " “ 2 x23 ” X23 + C1 X122 (B.20)1 + u
4
I03 a (1 + m ) x23 - “ 2 x33 " x34 + C1 X123 (B.21)
1 + 0)
4 2m^
*012 = (1 + m > x122 “ “  2 x123 " X124 + C1 X1122 (B.22)1 + 0)
4
I0A = <1 + m > x24 “ “ 2 x34 ” X44 + C1 X124 (B.23)
1 + 0)
4
I06 a ^  + m  ̂ x26 "" ~2 x36 ~ x46 + C1 x126 (B.24)1 + 0)
Thus, the sum of J„,+ J n „ + Jr., + J n , + Jnc becomes:’ 01 02 03 04 05
J o - 16 1 (1 * m8> * (1 + "2) (1 + 4 >  C1 *01 1 * I f  *04 -0)
- ±  [ (1 - m4 ) 0j Ioc + ^  Ct2 1^  * Cl * »4 > IQ2 -
“ 2 , 2 I039 °1 I012 ” G1 I06 1 (B.25)l + o>
The terms containing I and C, I_, in J are:oo l 01 o
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where in the above equations IQO> a^ and 1^  are given by
equations (11.105), (11.64), (III.57) and (B.5), respectively;
also in the above equations:
16 2  8 
K, - £  (1 - w8 ) (1 + 2 — ) - -1- "  “ (1 + w4 ) (l + ® ) m4 (B.28)
1 4  oi8 1 + oi2 oi4
12
L . - 1 (1 - oi6) (1 - “ ) . 1 (1 - a 2 ) (1 _ 1 _) m4 _
to 01
- 0 4 , 8
" 16 (1 + } (1 + ^  (1 " “ * {1 " V  (B.29)01 01
4
Ml - \  (1 - oi4 ) (1 + ̂ ) 2 (B.30)
01
K2 = j  (1 " oi6) (1 - 2g_) - |  (1 - oi2) (1 - S^) m4 (B.31)
01 0)
8 4
L2 = - \  (1 - oi4 ) (1 + \ )  - ^  (1 - oi4 ) (1 + ̂ ) 2 (B.32)
0) 01
M2 x  a  ■ “2) (1 + !T )2 / a  ■ 4 °  <B,33)
Calculation of I^2
1 L  8 a
X22 “ 41 ^   ̂ ^  + ^4  ̂ “ 2m i°S oi (B.34)
01
2m4 - 1. n  _ n  A 4 2m2 .... m4 . 4 .2 23 2 ^ ) (i 2' ^ * 2 (1 2  ̂ ®  log (ij
1 + 0) 0) 1 + uj U) (B.35)
x24 = nT (1 - u‘) (1 + '■— ) + i  (1 - wu) (1 + JS-) (B.36)1 4 2. . m4 1 „  6. ,, . in12
01 0)
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C1 X122 * 4 Cl - u> ) Cl “ 2) (1 - g) w - 16 (1 - to ) (1 - 4 ) *
u u u
4
• Cx + (1 - iu2) (1 - 2̂ .) m4 log to (B.37)
(0
• 2m4
Upon substitution of x22>  j  x23* x24* and C1 X122 ^rom equations
1 + 0)
(B.34), (B.35), (B.36), and (B.37) into equation (B.20), Ig2 becomes; 
Z02 " A02 + B02 C1 + D02 ^  log w <B‘38)
where
A02 = (1 " “6> Cl + |  (1 - o'2) Cl + 2^) m4 (B.39)
0) 0)
1 A 8
B02 = " 16 (1 " “ } (1 ” V  (B*40)0)
d02 - - < i ♦ 4 5 (b-4i>
1 + 0) Cl)
and is defined by equation (11.64).
Calculation of I_,__________________04
8 8
*34 = £  a  ’ “6) a  + V  + k  a  - “2) (1 + V  “2 CB.42)0) 0)
x44 = S’ ^  Cl + “ 2m8 loS “ (B.43)0)
4 4p — 1 .| 2, /. m \ /. m \ 4 2 1 2\1 124 “ y  Cl ~ to ) ( 1 ---- 2/ C l  jr) m oi - - . ( ! - « )  .
0) 0)
. (1 - 2L) ra4 Cl + J  (1 - w2) (1 - 2L) (1 - aii) oi6 -
0) 0) 0)
i , 12
- j g  (1 - u) ) Cl - CL (B.44)
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Upon substitution of equations (B.36), (B.42), (B.43) and (B.44)
for *24* x34* x4 4 * anc* ^1 x124 ^nto ®<luati°n (B.23), the final form of 
the equation for Iq^ becomes:
X04 = A04 + B04 C1 + D04 m4 log “ (B,45)
where
A04 - ^4 (1 - w8 ) (1 + ^ )  + i  * “ \  (1 + to4 ) (1 + m4 (B.46)
0) 1 +  (0 CO
1 ■> m4 / 1 • * 12
B04 = ’ %  (1 “ " > (1 " ^  ra 36 (1 " “ > (1 - <B‘47)
CD CO
DQ4 = 2m4 . (B.48)
Calculation of 1 ^
4 22m /t 2\ 4 . cu 4 , £  x ^ 2  = (1 - to ) m - 4  5- m  log to (B.49)
1 + co l + io
C1 x123 = £  (1 ■ “,2) (1 ' 4 } Cu)4 " " 16 (1 " u)4> C1 - C1 +co (0 co
8
+ y  (1 - 10 ) (1 - 2— ) u2 log co (B.50)
to
2m4
Substituting ^ 3 ’ ----- 2 x33* x34* an<* C1 x123 ^rom equati°ns (B.35),
l + oi
(B.49), (B.42), and (B.50) into equation (B.21), the final form of 
1^2 becomes:
I03 " A03 + B03 C1 + D03 log “ (B.51)
where




b03 " - Xe C1 - “>4 ) (1 - (B.53)
CO
4 2
°Q3 = ^  + ^  + co2 + 4 — - — j  m4 (B.54)
CO 1 + 10
and is defined by equation (11.64).
The Combination of Iq2 and 1 ^
Let
(1 + m ) IQ2 - 2 — —— 2 *03 = K3 + L3 ci + P3 m loS u (B.55)
l + o>
Substituting IQ2 and IQ3 from equations (B.38) and (B.51) into the 
above equation, one gets:
(1 + m4 ) [ A02 + BQ2 C x  + DQ2 m4 log co ] - 2 -  ^  i  .
1 + 0)
* [ Aq3 + Bq3 + Dq3 log co ] = K3 + L3 + P3 m4 log to
(B.56)
where
Kj = ij. (i - „«> ( x ♦ si!) - (1 - »6) (1 - 4 > "4 -
to 1 + 10 10
3 1 - <o2 ,, ra4 . ... 4 2n 4 . 1 1 - to2 ,, m4 N2 4 2” ^ j  ^1 (1 + m  <o)ra + ^ ---— 2 ( 1 ----j) m to
l + io to l + o ,  to (B>57)
8 ^
L3 = - 16 (1 ‘ a,4) (l " V  (1 + m4) + k  (1 " a,2) (1 " V  ra4
“ “ (B.58)
P, = - 1 ~ %  (1 + 4 °  (1 - m4 to2) - 8 — -4 \  (B.59)
1 + to a, (1 + to)
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Calculation of Iqj^
Cl2 *1122 ■ - X (l - “2>2 <1 - V  “4 - 7 (1 - “2) <1 - 4> •0) (i)
• (i+4> “4 ci+k a - »4) a * 4> °i2 -oi a)
42 2\2 /- ir \2 4 . / ._»- -j (1 - to ) ( 1 ----£■) m log oi (B.60)
u>
2Substituting ^  x122, Cx x123> x124, and Cx xU 2 2  from
equations (B.37), (B.50), (B.44) and (B.60) into equation (B.22), I^X2 
becomes:
Cl *012 = A012 + B012 C1 + C012 C1 + D012 ra log “ (B.61)
where
4 4 8 2a - I / .  2\ m » j. m v /, m  \ 6 1 1 B ui
012 4 (l ' “ > °  ‘ — } a  - T *  a  + "8 1 " - 2 '---- 2 •HI 01 0) 1 + 0 1
4 4 4 12a m \ . 4 m v 4 1/, 2 \ , m . m . 6 2 )  ( a i  j )  m -  ( 1  -  oi )  ( 1  j )  ( 1  j j )  oi
01 0) 01 0)
(B.62)
B012 * 36 (1 - “6> (l - 4 - >  - 16 (1 + ”4) (l - “4) (l * 4 > *
0) 01
+ | (1 - 0)2) (1 - i4) m4 - I (1 - u2) (1 - h£) (1 + IL.) ui48 m  2' 8 " ' Vi V  v 8J01 0) 01
(B.63)
1 i 8
C012 = 1 2  Cl " “ > (1 + V  (B*64)
01
D012 = -1 ~ “f (l - V  (1 + ^  w2) ‘ |  (1 " “2>2 (B.65)1 + 01 0) 01
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Calculation of 1 ^
1 a  8
x26 4 ( l ' “ } (l " ^  (B‘66)
w
4 4
X36 = I  (l “ “4) (1 " V  ' (1 " V  “2 108 w (B*67)
o) to
Multiplying the above equation by given in equation (11.64), and
2m^ , ., one obtains:2
1 +  o)
2 i n * 1 - oi2 , 2  4 2 1 , 2.,. m \  4„
2 1 36 2 2 2 m “ 2 " “ 2 11 + ui 1 + u u a)
(B.68)
1 a 1 2  1 9 4  /
C1 X46 = T  (1 " a  > (1 " IV ) C1 “ I  (1 “ “ J (1 “ ^  m  Cl <B *69)U) cu
C1 X126 “ i  C1 “ “2) (1 " ^  (1 + V  “4 " 16 C1 “ 1“4) Cl + V  C10) (0 (0
(B.70)
Upon substitution of equations (B.66), (B.68), (B.69) and (B.70) for 
2m4
x26>  J C1 x36* C1 x46* and C1 x126 int° e<luatio,:l (B.24), IQ61 + u
becomes:
°1 *06 " A06 + B06 C1 + °06 °12 (B-71)
where
2 4A _ o l _ u / ' i n i x 2 4 2Aq6 - - 2------ j  f m “ (B.72)
1 + 0) 0)
B06 ' ?  (1 * "4) (I - "4) (1 - 4 } ' ?  (I ' “6) (1 ' V  +0) 0)
1 9 4  8 i+ \  (1 - u> ) (1 - E_) a  + Hlg.) u4 (B#73)
0) 0)
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C06 ' - 16 (1 ' “4) (1 * V  (B-74)01
and Cĵ  is given by equation (11.64).
Combining I^ 2 and C1 I06 yields:
C1 *012 ' C1 *06 = K4 + L4 C1 + M4 Cl2 + P4 los " (B*75)
where
i o —4 4 8 , . . 2 _4
k4 - i  (1 - o>2) (1 - H_) (1 - 2L.) (1 + “_) u6 - 1 IZJig.
01 0) 01 1 + 0 1  0) 
a m4 / 1 O 4 12 . 2/ 4 in v <4 1 /1 2 \ /- m v /- in \ . - 1 * to■ ( o i  J-) m - J (1 - 01 ) ( 1 --- 2") ( 1 ----u) + 2------- 2 ‘
0) . 01 0) 1 + 0 1
• (1 - 2_)2 m4 oi2 (B.76)
01
L4 * 36 (1 ' “6) (1 ' ^  - 16 (1 + m‘"> (1 - “4) C1 - V  '01 01
- I  (1 - oi2) (1 - 2j) (1 + 2g.) oi4 + |  (1 - Oi2) (1 - 2*)ra4 (B.77)
0) 01 01
- / 8
M4 = 32 (1 ’ w ' {1 + (B,78)
01
P4 = 1 ~ m2 (1 - 2j) (1 + ra4 oi2) - |  (1 - oi2)2 (1 - ~ ) 2  (B.79)
1 + 0) 01 01
4 2 4The sura of (1 + m  ) IQ2 - 2-_ I and ^  I - ^  I from
l + o i
equations (B.55) and (B.75) yields:
4
U  + n4) ! - ;J 2_  ! + c I - Oj I , - K3 * K4 *
1 + 0 1
+ (L^ + L4 ) + M4 C^2 + (P^ + P4 ) m4 log oi (B.80)
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where
K3 + = y j  (1 - u)8 ) (1 + J2_ )  - |  (l + u,4 ) (l + ”!.) ra4 +
Ul 1 + 0) 0)
+ 2 1 --<% (1 - 5L-)2 m4 Oi2 (B.81)
1 +  o> o)
12 ^
L3 + L4 a " 71 (i “ “6) C1 ” V ) + I  (1 ' “,2) (1 “ ^  m4 <B*82)0) 0)
4 4 2 4t, ■ t, _ n  f, 2^2 m 0 m o> 2 ,, 2\2 ,, m v23 4 T  “ 8 “ ---- 2~1 “ 3- Cl - « ) (1---2>0) (1 + 0) ) 0)
(B.82a)
Summary of the Results of JQ from equation (B.25)
From equation (B.26):
16 [ (X + m } Ioo + (1 + “ } (1 + " T 5 C1 X01 10)
y g  ( 3 K X + 3 L X Q1 +  3 M t C ^ 2 ) ( B . 8 3 )
From equation (B.45)
1 _ z = 1_  (A T u w T „
16 04 16 va04 04 1 041ft InA " ift + Bda Ci + m 1°8 (B.84)
From equation (B.27):
£ [ (1 - m4> Cj I00 * .j Cj2 I01 ] - («2 Cj 4 4L2 C22 + 4M2
(B.85)
And from equation (B.80):
£ [ ( ! ♦  m4 > I02 - - i s l  l03 4 0j I„12 - Cj IM  ] -
1 + 0)
149
- jg- [ 4 (K3 + K4 ) + 4 (L3 + L4 ) Cj_ + 4M4 Ct2 + 4 (P3 + P^) m4 log u]
(B.86)
Upon substitution of equations (B.83), (B.84), (B.85), and (B.86) into 
equation (B.25), JQ becomes:
J = T-r (u + V C. + Wrt C 2 + C.3 + Z n  m4 log o>) (B.87)o Id o o i  o l  o l  o
where
n  o . . 2 . 8 ._ 11 fli \ , 2 1 * to /1 /1 id  ̂ ^
u0 - 24 (1 “ “ ) (1 + ~ 8~  +  3 :----2 (1 + W } (1 + “4} m "0) 1 + u u)
i 2 4 . 0„ 1 - w /, m x 4 2 *- 8 ----- 2  (1 ” ~ 2 ' ® u (B.87a)
1 + to <u
Vo = - y| (1 - to6 ) (1 - 5L-) + I  (1 - u2) (1 - Sj) m4 -
u  o>
4 8
- (1 + o>2) (1 + 2^) (1 - o,4 ) (1 - ^ )  (B.88)
oi it)




% ) 2 / (1 - m - 2'0) 0)
„ 4 4
i2 \  + 32 m
(B.89)
(B.90)
.q 2m4 + 8 (1 - w 2) ^   — 2 + f  (1 - w 2)2 (1 -  ^ ) 2
<t) ( 1 + u  ) 0)
(B.91)
Calculation of
Substituting e2 from equation (III.94) into equation (V.74) for 
J2 , one gets:
• 2
J 2 - Tf r ^ - T  1 3  a  ♦ " 4 “2) *20 + 3Ci a  * “2) hi-^hs *1 + 0 )
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+ I25 - 4 2 (1 4) I27 ] (B.92)
1 + U U
where
r20 ■ 2" 2 (1-; f - f ■ Ko + C1 *1 - 7 7 - 2  V  <B-93)1 + u  1 + u
1 2 1  =■ 2m2 (l-l-S  + Cj *n  - - i - j  x15) (B.94)
1 + U  1 + u
*25 = ^  ( _ j 2 ~  X 5  +  C1 X15 " 1 2 X55) (B.95)1 + u 1 + u
I2g = 2m ( - x8 + C1 x18 “ " 2 x58} (B.96)
1 + u  1 + u
*27 “ 2m ( . 2 x7 + C1 X17 ~ 2 X57J (B.97)I + u 1 + u
Calculation of I2q
4 2 4 41 + m  u . „ _ 1 1 + u „  . m x , /„ „„ \------- 2“  x1 = - j -----‘-j C1 + log oi (B.98)
1 + u 1 + u u
x5 “ x4) 8 4 2 (B.99)m a m u
Therefore
1 j 4
x5 = £  (1 - u ) (1 + ^-) (B.100)
u
Upon substitution of equations (B.98) and (B.100) into equation (B.93), 
I2Q becomes:
I2q “ 2m^ (A20 + D20 log u) (B.101)
where
A20 = " i  (1 _ “ J (1 + T 5 (B.102)u
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D = _ 1 1 + u (I + E_) 02 2 , 2 2 1 + u  w (B.103)
Calculation of
Substituting equation (B.99) for x^, x̂ ,. becomes:
*15 " *14)m 8 - m4 «2 <B-l04)
4 4
x15 * - Yg (1 - w4 ) (1 - ^y) “ ^  (1 ” ) log u (B. 105)
0) 0)
Multiplying the above equation by given in equation (11.64), one 
gets:
° i  *15 ■ i a  -  “2) a  -  4 > a  -  4 >  “4 •  T e a  -  "4) a  -  ° iU U 01
(B.106)
Substituting equation (B.106) for into equation (B.94),
becomes:
C 1 I21 * 2m2 (A21 + B21 Cx + D21 log u) (B.107)
where
A21 = " 1  1 ~ ^2 (1 ’ V  (1 “ 4 °  “4 ' (B.108)1 + u u u
B21 “ 16 (l ” > (1 " ^  (B.109)u
2 4 4n 1 1 *  ti) /. ni % 4 2% I., 2x2 m x 2 / n ..J.'v21 ” ~2 ----- 2 ---2 ^1 + m  u ) - j ( l - u )  ( 1 ---- j) (B.110)
1 + u u u
Calculation of I2^
1 * ™ 2*2 x5 + Cj x15 - i  (1 - u2) (1 + u4 ) (1 + si) -
1 + u u
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16 (1 - oT) (1 - 2L-) c (B .111)
ui
Using x^ from equation (B.99):
X55 " X44) 8 4 2 (B.112)in a m u
Therefore
g
X55 " S  (1 " “8) (1 + " 2 ^  m4 log u (B.113)
b)
1 + in4 a2Upon substitution of --- ---^—  x^ + x̂ ,. and x ^  from equations
1 + &i
(B.lll) and (B.113) into equation (B.95), I2,. becomes:
*25 =  2m2 Â 25 + B25 C1 + D25 l0g (B.114)
where
A25 = J  (1 “ u2) (1 + “4) (1 + V  (B.115)u
B25 " “ 16 (1 " uH) (1 " ^ 2 y  (B.116)ui
2 .
D25 = 2 — ^ — 2 m (B.117)1 + U)
Using equations (B.101), (B.107), and (B.114) —  the first, second, and 
third terms of equation (B.92) —  Jj, becomes:
3 (1 + m4 w2) I2Q + 3 (1 + u)2) C: I21 + I25 «= 2ra2 (K5 + L5 (^ +
+ log u>) (B.118)
where
K 5 * - |  (1 - to2) (1 + u4 ) (1 + ~ )  (B.119)
U)
1 A 4
L5 = j  (1 - u> ) (1 - J~) (B.120)
u
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^ 2  4 4„ _ „ l + m o i , 4 1 m . k 2N ,, 4,, ,, m N2 .Pg * - 3 ------ 2—  ^  + “ ) ■ (1 “ “ ) (1 - W ) ( 1 --- j *
1 + ai ui ai
4 2
+ 2 m —  y  (B.121)
l + o i
Calculation of
*8 ■ *2) »4 = »4 «2 tB'l22> 
Using X2 from equation (11.67) in the above equation, Xg becomes:
x8 = -| (1 - oi2) (1 + m4 ) (B. 123)
Also
*18 ’ *12) m4 - m4 »2 (B'124)
Therefore
4
= X1g = - £■ (1 - oi2) (1 - ra4 ) - y  (1 - ^-) oi2 log 01 (B.125)
01
Multiplying the above equation by (equation (11.64)), one gets:
4
C1 x18 " I  (1 " “2) (1 " ^ 2 } 2  “2 ’ T  (l " “2) (1 " m4) C10)
g
X58 4 { 1 ' “6) (I + ^ 2") + j  (1 - oi2) (1 + -ij) m4 oi2 (B.127)
01 01
Upon substitution of Xg, Cĵ  x ^ ,  and x^g from equations (B.123),
(B.126), and (B.127) into equation (B.96), ^ g  becomes:
I2g - 2m2 (A2g + B28 Cx) (B.128)
where
6 8
a28 = j  -  ~ U2 (1 + ^ )  - (1 - oi2) m4 (B.129)
l + o i  01
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B28 = “ k  (1 “ t‘>2) (1 " “4) (B. 130)
Calculation of
x? = - (1 - a,2)2 CB. 131)
' 2 co
x^y  ------ ^   ^2 ^  + a‘4  ̂ ^og w (B.132)
4 id 2u)
Multiplying the above equation by given in equation (11.64), one 
gets:
4
C1 X17 = ” T  (1 " “2) (1 " ^  (1 + u4) “ “ ^2 (1 " “4) C1 <B -133)2b) (D 4b)
4
x57 = J  (1 - b)6) (1 - ^_) - J  (1 - <D2) (1 - ra4 ) (B.134)
0)
Upon substitution of Xy, x]_y > and x^y from equations (B.131), 
(B.133), and (B.134) into equation (B.97), I2y becomes:
X27 " 2” 2 <A 27 * B27 V  (D-135)
where
i i 6 4 i 2 /A i 1 " ()) /I / _ > n / \27 y  2  "* 2  ̂ “ in ) (B<136)
1 + 0) b) 1 + co
B2y = - (1 - b)4 ) (B.137)
4b)
Therefore, equations (B.128) and (B.135) can be combined to give:
4 4 9
I28 + -S-J- Cl - Tf) I27 - 2m CKg ♦ L6 Cl) (B.138)
1 + b) 0)
» _ 1 1 “ /i 2^ _4 , 1 1 - b)̂  /, in4 .,2 4 .6 3 . 2 2) - (1 - co ) m + 3 2 v2 2 J “
1 +b) 0) (1 + b l )  b)
In equation (B,92) the first, second, and fourth terms are given by 
equation (B.118), and the third and fifth terms are given by equation 
(B.138). Substituting those two equations into the equation for J 2, 
one gets:
, 4
J2 = j  m  2 (u2 + V2 C1 + Z2 log u) (B.141)l + oi
where
c , 8 ... 6 8j  / m 2 \ /* , m \ ^ 1 ** w /- m \U2 =  “ g- (1 ~ W ) (1 +  ID ) ( 1 +  — ) " -J  J  (1 + — ) +
U> 1  +  (0 cu
. / /1 2n 4 4 1 - u/* m ^ N2 4 , 1 - t+ 4 (1 - in ) m ------ t-tt ( 1 - ) oj - 43 fm 2,2 2 y. 2,2(1 + 0) ) (Jj (1 + to )
• (1 - 2^) (1 - m*) (B.I42)
to
Q L  4
V2 = I  (1 - ui ) (1 - 2j) (B.143)
to
4 2 4 4„ _ , 1 + m <0 , 4 . m N /, 2 \  ,, 4 S ,, m x2 .Z2 = - 3  2—  + - (1 - ui ) (I - u ) ( 1 ---- j) +
1 + 10 u 01
4 2
+ 2 m 1,1 (B.144)
1 + u
Calculation of
Upon substitution of equation (III.115) for e^ into equation (V.75), 
becomes:
156
J4 = 48 m  ^  h o  ~  4 2 *43 + 2 *49^ (B.145)1 + 0) 1 + 0)
where
I4Q = 2m4 (xo  x3) (B.146)
1 + 0)
I _ * 2m4 ( x - ----- ^— =■ x»_) (B.147)
43 1 + u
*49 = 2ra4 x̂9 -----------x39^ (B.148)
1 + 0)
Calculation of I, __________________ 40
*40 = 2®4 (A40 + °04 l°8 u) (B.149)
where
A40 = - l j : - 4  (B*150)1 + 0)
Dq4 - 1 (B-15D
Calculation of I.,_________________ 43
I^3 = 2m4 (A^2 + D^3 log o)) (B.152)
where 
\43 2A,, = i  (1 - o)2) (B.153)
2
°43 = 2 " 2 (B.154)
1 + 0)
Using equations (B.149) and (B.152), one will get:




K? = - 5 ~ m2 (B.156)
1 +  id
and
p7 - - 3 - 8, 7 T T T  (b-157)(1 + 0) )
Calculation of I4g
x9 ’ tx4 >«8 = «4 (B'l58)
Substituting xg from equation (II.7̂ 9) into the above equation, one gets: 
xg = j  (1 - tu4 ) (B.159)
Also
x39 ’ x34)m8 = u4
therefore
x39 = T  ^  ** + (1 ~ o)Z) o>Z (B.161)
Substituting equations (B.159) and (B.161) for xg and x3g into
equation (B.145), I^g becomes:
I4g = 2m4 A49 (B.162)
where
2a . 1 1  " ii) 2v2 j. . ̂ ^\
49 6 , 2 ( " “ ) (B.163)1 + 0)
Therefore, using equations (B.155) and (B.162) in equation (B.145), 
becomes:
J4 = l 4 m8 *u4 + Z4 log (B.164)
where 2 2 2 2_ i - o)z . i i - o> (i - t r y __________________________________
U4 " 5 2 T  2 4 (B.165)1 + 0 )  1 + 0) 1 + 0 )
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and
Z. = P = - 3 - 8 4 7 (1 + a2)2
(B.166)
Calculation of J + J„ + J._________________ o 2 4
Adding equations (B.87), (B.141), and (B.164) for Jq , and J^,
one will get:
48 (Jq + J2 + J4 ) ■ K + L Cx + M Cx2 + N C13 + P m4 log ui (B.167)
where
ii s i 2 / 8 /
K  g ( l ~ < u )  ( 1 +  —g 3   ̂ (1 + w ) (1 + —-) m -
ui 1 + 01 u>
1 -  »2 , ,  ra4\2  4 2 . 32 1 -  u6 , ,  m8 , 4- 24 — 2  ( i - - )  m . * ~  n  2 2  Cl + — ) ■» ♦
1 + U) U) (1 + toJ U)
. „  1 -  u2 1 . 3 2  l - » ‘  „  m4 ,2 4 4
* 2 2 — -j m - - 3  ■■■ ' 2 3 (1 - — ) m  » -
1 + U) (i + U)) u
1 -  U)2 f m4 ( 4 .  4 4 . 1 1 -  U)2 (1 -  U)2 )2 832 ----- =—=r 1 1  -r) Q l - m j m  u +■=■--- — =- -------—  m
(1 + <fr a) 3 1 + 0) 1 + U)4
(B .168)
T _ 19 j>.. ^i m 15___  ̂ i 39 / 1 2\ f- m * 4I *  g- Cl -  w J C l  g—) + y -  Cl - u) J ( 1 - j) ra -
U) u
97 9 /  4 8
-  ( i  + , / )  (1 -  (1 + S _) (1 _ 2 _ ) (B .169)
U) u
8
M -  i |  (1 -  u4 ) (x + E_)  + |  d  _ w* j  ( i  + I5_)2 (B.170)
til <1)
^ A
N = -  3 (1 -  u>2 ) (1 + ^ ) 2 /  ( l  -  2 L ) (B .171)
U) u>
4 4
P = -  24 ------- (1 -  \ ) 2 (B .172)
( i  + ur r  vT
Circular Concentric Pipes with m -  0
Equation (IZ.64) for reduces to:
ci = -xsrir (B-173)
From equation (III.57) for a^:
= 1 (B.174)
From equation (11.108) for I :oo
IQO “ \  (1 - “>4 ) ~ \  (1 " o>2) Cj, (B.175)
From equation (IV.70) for e^d):
ei(1) s k  " i  ci " is (1 + “2) ci + \  ci2 (B*176)
Multiplying the above equation by log u and using C^ from equation 
(B.173), one gets:
®q(1) log u) = ^  log « + £  (1 - w2) + yg- (1 - U,4 ) - £■ (1 - (o2) C^
(B.177)
From equation (B.6) for Aq^:
A01 “ “ 16 (1 “ a,4) " i  (l " “2) “2 (B.178)
Also, Bq^ and from equations (B.7) and (B.8 ) yield:
_ 1  
'01 " 4Bnl - t - (1 - m2 ) (B.179)
D0i B " \  ^  (B.180)
Substituting AQ^, B^^, and Dqj from equations (B.178), (B.179), and 
(B.180) in equation (B.5), 1^^ becomes:
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Also, from equation (B.168),K becomes:
K = “ ■ (1 - to8 ) (B.182)
and from equation (B.169), L becomes:
L = - (1 - co6) - (1 + co2) (1 - co4 ) (B.183)
From equation (B.170), M becomes:
M * (1 - co4 ) + j  (1 - co4 ) = - ^  (1 - co4 ) (B.184)
From equation (B.171) for N:
N = - 3 (1 - co2) (B.185)
4
Substituting equations (B.182), (B.183), (B.184), and (B.185) into 
equation (B.167), one gets:
48 CJ„ ♦ J2 ♦ J4 ) » (1 - »8 > - (1 - «6) 0t - Cl + «2) •
• (1 - co4; Cj + (1 - co4 ) Cx2 - 3 (1 - CO2) C13
(B.186)
From equation (V.60) for DE:
“  " E , V . ^  (B-187>1 CO
Substituting the value of DE from the above equation into equations 
(V.61) and (V.62) for (DE)^ and (DE)^, one gets:
(DE)l - S T  e. 1 »*. C (B-l88>1 1  ID
(DE)co " 2co E E + co E (B.189)(0 1 CO
For circular concentric pipes, E, and E reduce to:1 co
161
E. s E = ~  (B.190)1 0) £
Thus
(DE)l = 2 (1 - w ) (B.191)
(DE) = 2 1 - 1 0  (B.192)
0) (1)
Calculation of
Substituting equation (11.52) for w q into equation (11.59), f 
becomes:
fo = T  [ (1 " ?2) (1 " V  + Cl‘loS 5 3 (B.193)
Substituting equation (B.193) into equation (V.76), becomes:
J6 - - i  [ Cl ♦ nA ) IQA - I„2 + Oj Iol ] (B.194)
where
*0A a ^  + m  ̂ XA20 “ XA22 + XA21 + 2m XA0 “ 7"! 2 XA31 + u
X02 “ (1 + m 5 x222 “ X2222 + C1 X2221 + 2m X22 " “ 2 X2231 + cu
„ d (B.196)
4
I01 “ (1 + X012 " x022 + C1 x02 + 2 m U  X1 " ~ ~ i :  x03 (B<197)1 + 0)
Calculation of Irt.__________________0A
XA20 " \  (1 " “)2) (1 + 4 °  (B.198)0)




(1 + m4 ) xA20 = \  (1 + m4 ) (1 - to2) (1 + 2 _ )  (B.199)
bi
and
1 L  ® L
XA22 = £  (1 " * Cl + ̂  “ 2m log “ (B.200)to
XA21 = " i  (1 " "2) (1 " 4 } C1 + I  (a)2 ~ V  (1 " 4 °  (1 " a)2)
III ID <0
(B.201)
where is defined by equation (11,64).
2m4 = - 2ra4 log to (B.202)
7 - ^ T  XA3 * 2m4 T ^ T  (b:203)1 + to 1 + to
Upon substitution of equations (B.198), (B.199), (B.200), (B.201), 
(B.202), and (B.203) for xA2Q, xA22, x ^ ,  xA Q , and x ^ ,  equation 
(B.195) for IqA becomes:
i y ® / 1 2 , _ 4T _  1 /i 4^ ,111^ rt_.4 1 ■ (i) 1 2^ / 1 id \ A
0A 4 a  “ “ ) (1 + 4  ̂ ” 2 - 4" ( l - — 2")
to 1 + U) to
(B.204)
where is defined by equation (11.64).
Calculation of Iq2
I L  8 ,
X222 + ^-) - 2m log to (B.205)
to








X2222 " i  (1 “ “6) (1 + + f (1 " “2> (1 + V  *4 (B.207)
0) u
g
C1 X2221 " “ 16 (1 “ *°2) (1 + *°2) (1 " V  C1 ■ i  (X " “2) *
10
4 8 , . 4 •
• (1 - 2_) (5̂ - - u4 ) + (1 - u ) (1 - Hg.) m4 log u (B.208)
10 0) CO
2m4 x22 = (1 - to2) (1 + *~2‘) ra4 (B.209)
0)
2m4 _ 2m4 , 4 . 2^ , 1 4  ,, 2 ^ m4 ,
------- 2 x223  2 10 S “ " ”2 m (1 “ u ) (1 + — )
1 +  OJ 1 +  ( j  to
(B.210)
Therefore, substituting equations (B.206), (B.207), (B.208), (B.209),
4
and (B.210) for x222, x2222* C1 x2221’ 2m X22’ and “ “ 2 *223 lnt°
1 + to
equation (B.196), IQ2 becomes:
1 n  i i
I02 = 4 (1 - u ) A A - A B m log u - A C m - A D - A E (B.211)
where
8 4 8 .
A A = (1 + to2) (1 + S_) (1 + m4 ) - (l - 2_) (E_ _ u4 ) (B.212)
to to to
4 4 2
A B =• (1 + m4 ) + 2 -  (1 + to2) - 2 m + “ (B.213)
to 1 + to
7 m4A C * (1 - in ) (1 + 2_) (B.214)
to
, , 12 





A E = d  - a  ) <1 - 2_) (B.216)
u
Calculation of 1^^
X012 ' XA21 ” “ 4 5 25 C1 + 2  2^ 1 2^ ^1_a>2)u u u
(B.217)
4
Multiplying the above equation by (1 + m ), one will get the first terra 
of equation (B.197):
4 4
(1 + m4> xQ12 = - i (1 - u2) (1 - 2j) (1 + m4) ^  + \ Coj2 - 2-) •
(!) (!)
• (1 -  <1 -  oj2 )  (1 + m4 ) (B.218)
u
i / 8 i 81 /1 f ■+ IQ \ X /IQ 1
x022 - x2221 “ 16 C1 " “ > Cl “ T } + 4 (_4 " “ ) lo§ “ “(I) U
- m4 log2 u (B.219)
/j,
C1 x02 = ■ i  (l “ “2) (1 - V  (1 + ^  “2 + ? ( 1 " “2) a  + V  Cl +
(!) (i) (!)
4 4
+ j  (1 -  u2 ) (1 -  2L-) (1 -  E_) u2 i 0g M (B.220)
a> u
and
x1 = - j  log2 oj (B ,221)
 ^ ~ 2  Xq3 = “  m4 log oj (B.222)
1 + (!) 1 +
Substituting equations (B.218), (B.219), (B.220), (B.221), and (B.222)
4
for (1 + m ) xQ12, Xq22> ci XQ2 ’ xl* a n d ------- 2 X03 int° ecluation
1 + (D
(B.197), I  ̂becomes:
165
t   r {l * w ) 4 1 /in ,4\ . I / *  . 2\ /, m ■* /, m v
*01 [ ~-:-----2 m " 4 (“ 4 “ U } + 2 (1 “ w } C1 ■ “ 2} (1 ■ ) *1 + 0) b) fa) 10
4 4
• to2 ] log to + i  (1 - to2) { (1 + 2_) _ (i _ !»_) (x + m4 ) ] .
fa) (0
• cx + i  <1 - 2^) <1 - to2) [ (fa)2 - e£) u  + m4 ) +
fa) (0
4 4
+ -§-(! + fa)2) (l + S-) - (i + 2_) a,2 ] (B.223)
to to
Now, upon substitution of equations (B.204), (B.211), and (B.223) for
*0A’ *02’ anc* *01 *nto e4uation (B.194), Jg becomes:
Jg = m4 (1 + m4 )-(----^ )  - (1 - to2) (1 + 2_) ra4 _
1 + to to
- s -  (1 - "s> <1 + T ^ )  - t ?  <l - “2) C1 - V  (4  ■ “4> *
fa) U f a ) .
+ E -jg- (1 + m4 ) (1 - fa)2) (1 - V  " 32 a  ~ “4) C1 ” V  "
(o to
" i ( i  ■ 4 ° a  ■ “2) ( “2 ■ 4 ° ( i  + m 4 ) + k ( i  ■ “2>*fa) fa)
4 4 4/ 2 m  ̂ /. m  ̂ n 1 4 p - 4 m 2• (to + — j) ( 1  ^  m E l + r a  + ~2 + fa) “
to to to
4 ^ 2 . 2 . . 8„ m + to , , 1 r 1 - fa) 4 1 /in 4, ,
- 2 ----- “  J log “ + 4 E --------j ra " 4 (-4 " “ }1 + to 1 + to to
+ i  (1 - to2) (1 - 2 .̂) (i _ «£) * ] [ (1 _ 2̂ ) (1 - w2) ] -
to fa) fa)
4 4
- (1 - to2) [ (l + 2L) - (i - “_) (i + ra4 ) ] Cl2 (B.224)
to to
where, as before, is defined by equation (11.64).
166
Calculation of Jg
Substituting equation (11.59) for into equation (111.47), f^ 
becomes:
2 -
f„ = ------ ---- =- (1 + « - x,) (B .225)
2 2 (1 + </) 3
Upon substitution of the above equation into equation (V.77), J„o
becomes:
J8 ’ ?  "2 ( - h o  *  7 7 7 1 7  W  (B'Z26)vl + (0 )
where
X20 “ 2m ( . 2 Xo + C1 X1 " ,  2 X5) (B.227)1 + 0) 1 + 0)
I23 " 2m (“ r ” 2 X23 “ T ~ Z  2 x35 + C1 X03J (B.228)1 + 0) 1 + 0)
Calculation of I2q
This term has already been calculated and is defined by equation 
(B.101).
I2Q = 2m2 (A20 + D20 log o>) (B.229)
where
1 2 _4
A20 » “ £  (1 - 0. ) (1 + 2j) (B.230)
0)




1 + m4 2Multiplying the previous equation by ----------- , one will get
1 + U)
the first term of equation (B.228);
-1 x23 - (1 * m4 J )  (B.233)
1 + (j) 1 '+ (1)
Also
7 7 - S r  *35 - t  7~4 < 1 4 4>41 r " 4 (-4 4 »2) <b -234>Vi + U) J 1 + 0 )  0) 1 + U)
4
C1 X03 = - I  (1 " u2)2 (1 ~ V  (B.235)
0)
4 2
Substituting equation (B.233), (B.234), and (B.235) for * * - ■ M x..,
1 + 01 23
 x_-} and C. x , into equation (B.228), I__ becomes:
(1 + to ) 33 1 03 23
— -— j  I23 = 2m2 A23 (B.236)
1 + 10
where
/ l 0 1 2 1 1 6 4
23 ( ” “ } /, . 2 * 2  " 6 . 2*2 (1 2} “(1 + w ) (1 + id) u
1 1 - u2 , 4 . 2* 1 (1 - u2)2 „  m 4 >
7  — — 2 ,~  (ln 4 “ > '  2  ~ T — z r  (1 ■ — > (B-237)11 + u> 7 (1 + w J  b>
Therefore, upon substitution of equations (B.229) and (B.236) for I2q 
and I23 into equation (B.226), Jg becomes:
J8 = j  ra4 [ A23 - A20 - D20 log » ] (B.238)




The computer system used to solve this problem was the IBM-370/3033 
at Louisiana State University. The program provided in this Appendix is 
designed to give two cases at a time. By putting Q__.T a 0, it will 
give the results of case 1 and case 3, and by putting f  0, thebLN





DOUBLE PRECISION S , S M , A 1 4 , A 1 5 , A 1 6 , A 2 6 , A 2 B , « , WL,WS, WW, A 2 , A 3 , A 4 , A 5 ,  
1 A 6 , A 1 , A 7 , A 8 , A 9 , A 1 0 , A 1 1 , A 1 2 , A 1 3 , A 1 7 , A 1 8 , A 1 9 , 0 , A 2 0 , A 2 1 , A 2 2 , A2 3 , 
2 A 2 4 , A 2 5 , A 2 7 , A 2 9 , A 3 1 , A 3 2 , A 3 3 , A 3 4 , A 3 5 ,  VIOO,EO,AO 1 , B0 1 ,
3D01, VIO 1, AK, AL,AM,AN,AP,VJ024,VMU,DENO,DENI ,VNUO ( 5 ) ,  VNDI (5)
4 , P I ,  A 2 8 1 , A 3 9 , A 4 0 , A 4 1 , A 4 2 , A 4 8 , A 4 2 1 , A 4 3 , A 4 4 , A 4 2 2 , E 1 , E W , D E , D E 1 , D E W
5 , F 0 , V J 6 , V J 8 , D L , A 3 6 , A 3 7 , A 3 8
2 ? I = 3 . 1415926 53 89 7













SM = . 1*  ( S - 1 . )
9
c
I F ( M . E Q . U )  SM=0.9 400
10
c
I F f K . E Q . 12) SM=0 .9600
11
c
I F ( M . E Q .  13) 3 8 = 0 . 9 8 0 0
12 R3TA= t ^ - “ S M = * 2 ) / t 1 . + S M + + 2 )
13
c
WHITE ( 6 ,  181) SM,RBTA
14 181 FORMAT ( 1 H 1 , 6 X , 1E L L I P T I C I T ? '
1PIPE FLATNESS (B/A)  = ' , F 8 . 5)
C
c
15 WRITE ( 6 , 1 8 2 )
C




17 WHITS (6 ,  133)
C
18 183 FORMAT ( 5 X , *  1» , 1 1 X , •1 * , 1 2 X , '  1 ' , 1 3 X , ' 1 • , 2 6 X , ' 1 ' , 2 6 X , 11 • , 2 6 X , ' 1 ' )
C
19 WHITE[ 6 , 1 8 4 )
C
20 ' 184 FORMAT ( 5 X , 1 11, 1 1 X , 11 INSULATED 1 INSULATED 1 ' , 2 6 X , ' 1  OUTER
1 F L U X * , 1 1 X , ' 1  INNER FLUX• , 1 1 X , • 1 ' )
C
21 WRITE ( 6 , 1 8 5 )
C
22 185 FORMAT(5X, ' 1  CORE S IZE  1 INNER WALL 1 OUTER WALL 1 EQUAL WALL
I TEMP. 1    - 2  1 --------------------- a - 2  1
2')
C
23 WRITE ( 6 , 1 8 6 )
C
24 186 F 0 R n A T ( 5 X , ' 1 ' , 1 1 X , " 1 , , 1 2 X , , 1>, 1 3 X , ' 1 ' , 2 6 X , l 1 INNER F L U X ' , 1 1 X , '
I I  OUTER F L U X ' , 1 I X , •1»)
C























































187 FOESAT(5X,  *1 OMEGA 1-------------------------- 1-----------------------------1---------------------------------
1 1 1 1
2*)
WRITE { 6 ,1 8 8 )
188 FOBHAT(5X , , 1 , , 1 1 X , M , , 1 2 X , ' 1 » , 1 3 X , ' 1 < , 1 2 X , M ' # 1 3 X # ' 1 « , 1 2 X , , 1 ' , 1 3 X f 
1 ' 1 M 2 X , ' 1 M 3 X , ' 1 ' )
WRITE (6 , 1 8 9 )
189 FORMAT ( 5 X , • 1 ' , 1 1 X , ' 1  NUSSC NO 1 NDSSI NO 1 NOSSO NO 1 NUSS 
I I  NO 1 NUSSO NO 1 NUSSI NO 1 NOSSO NO 1 NOSSI NO 1 ' )
WRITE ( 6 , 1 8 8 )
WRITE ( 6 , 1 9 0 )
190 FORMAT ( 5 X , • 1 ---------------------------------------------------------------------------------------------------------------------
1 1
2 ')
WHITE ( 6 , 1 8 8 )
A 14 = 1 . - S t l * * 8  
A15=SH**4  
A 1 6 = 1 . +5H**4  
A26=SM**8 
A 2 8 = 1 . - S M * * 4  
A 2 8 1 » 1 . f S M * * 2  
A39=»2-*SM/A2B1 
A40=1 .
A4 1 = 1 . - A39*A39
A42=0 .
A48=SH**6
CALL D C E L 2 ( E 1 , A 3 9 , A 4 0 , A 4 1 , A 4 2 )
I F  ( M . S T . 10) MM=4 
I F ( M . S T . 10) GO TO 30 
MM=5* [ 1 1-M)
30 DO 3 LW=1,MM 
W=LW
I F ( M . L E . 10) W L = S M + 0 . 0 2 * ( » - 1 . )
171























































































































































1 - ( 3 2 . D O / 3 . ) * A 2 9 * A 6 * A 1 5 / A 2 5 + 2 2 . D 0 * A 1 3 * 1 2 6 - ( 3 2 . D O / 3 - ) * A 2 9 * A 3 9 *A 2 3  





































VJ024= (AK+AL*U+AH*A20+AN*A32+AP*A15+ All) /48.D0
C
F0*0.25D0*(WW*A2+D*A11)
VJ6=0.5D0*A15*Al6*A13-0.25D0*WW*A3*A15-(1.DQ/24.) *A29*(1.+ (A15* 
1A26J/ (A18*A19))-(1.DO/16.)*KW*A2*(A12-A10) +((1.DO/16.) *A16*WW*A2 
2-(1. DO/32)*A9*A31- (1.D0/S.)*A2*HW*A19*A4*A16+(1.D0/8. )*WW*A19*A9 
3) *U-0.25D0*A15* (A16+A19*A5-2.DO* ((A15+A19)/(HS))) *A11 
4+0.25D0* (-A13*A15-0.25D0*A 18*A17+0.5D0*»W*A2*A4*A19) * (A2*WW) 
5-(1.DO/16.)*WW*(A3-A2*A16) *A20
C
VJ8=0.SD0*A98*((1. +A22)* (WW/A25)-(1.DO/6)* ( (A24/A25)*A3)-0.5D0



















24 VtTJ= (QGEH*0. 5*WB*A3-VIOO*C*PE) / (QGEN*FO+C*PE*EO)
C
20 DENO= (1.-V!10) *VI01*{ (QGEN*FO)/  (C*PE) +EO) +VJ024 +
2 (QGEN/ (C*PE)) * (VJ6+VJ8)
C
DENI = DENO- (1.-7HO)*( (QGEN*FO*A11)/(C*PE)+EO*A11) * VIOO
C
VNOO(K)» (DE1*VBU*TIOO* ( (QGE»*FO)/ (C*PE)+EO)) /DENO
C
VKUI (K)=DEW*VIOO*((-QGBN*0.5*WW*A3)/(C*PE) +VIOO-7HO* ( (QGE(f*FO)















101 198 WRITE (6,101) WL,VNUO(1), VNUI (3),VNUO(2),VNUI(2) , (VNUO(K) ,VNOI(K) ,K
1=0,5)






105 WRITE (6, 191)
C




107 WRITE[ 6 , 1 9 9 )
C








152 SUBROUTINE DCEL2 (RES,AK,A,B,IER)
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